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LGOI NOI PAU

Cuon bai giang nay diepe bién soan theo chuong trinh dao
lao danh cho sinh vién cao ding nganh Kinh ¢ truong Cao
dang hod chat. Ngi dung bao gom cdc kién thire co ban nhat
Vvé ham s6 mot bién s6, nhiéu bién sé ciing nhu phép rinh vi
tich phdn ctia ham sé mor bién s6 va cdc tmg dung cia ching
trong phdn tich kinh (6. Ngoai ra, bai gidng con cung cap
nhitng kién thitc co ban ve dai s6 tuyén tinh nhie khong gian
véc to. ma tran, dinh thire, hé phwong trinh tuyén tinh tong
quat va sau méi chicong déu cé phan bai tdp dé givip sinh vién
rén luyén va cung cé phan ly thuyét da hoc.

Tac gia xin chan thanh cam on cdac giang vién B mon
Toan khoa Khoa hoc Co ban, ddc biét la déng chi Tran Pinh
Thi da doc ban thdo va cho nhiéu ¥ kién déng gop hét sic bo
ich dé tac gia hoan thanh viée bién soan bai gicng nay.

Tdc gia mong nhan dupc y kién dong gép cua déc gia va
cdc dong nghiép dé cuén bai giang ddp tmg ngay cang 1ot hon

cho muc tiéu dao tao cua nha trieong.

Phu Tho, thang 3 nam 2008
Tac gia
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Chuong 1. HAM SO MOT BIEN SO

§1. Mot so khai niém ve ham so

1. Bién so
1.1. Khdi niém bién so

Trong tat ca cac linh vure khoa hoc. chung ta thuong gap
céc dai lugng do bang sé. Khi nghién ciru quy ludt thay déi gia
tri cua cac dai lugng dd. ngudi ta thudng dung chi dé ky hiéu
s6 do cua ching. Ching han. trong hinh hoc ngudi ta thuong
diing chir S dé ky hiéu dién tich. Véi mdi hinh phang. S la mot
s6 thue. Nguoi ta goi S 1a mét bién sé hinh hoc. Trong ngdn
ngtt binh thire cda toan hoc. tir bién s6 dugc hiéu nhu sau:

Pinh nghia. Bién sb 1a mot ky hiéu ma ta ¢6 thé gan cho no
mot s6 bat ky thude tap X # ¢ cho trude (X < R).

Tap hop X duoc goi 1a mién bién thi€n cda bién so6 do.
Mai s0 thye xe X duge goi la gid tri cua bién s6 x.

Tir bién s6 nhicu khi dugc goi tat 1a bién va thuong dugce
ky hi¢u béi cac chir cai X, y, z,...Thong thuong ngudi ta chi
xét cac bién s6 ma mién bién thién cua nd c¢d it nhat hai so.

Mt bién s chi nhan mét gia tri duy nhat dwoc goi 1a hang sé.

Trudng Cao ddng héa chét 13
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Trong gidi tich todn hoc ta thuong xét cdc bién s6 thay doi
gid tri mot cach lién tuc, vai mién bién thién la mot khoang so.

Céc khoang s6 dugce ky hiéu nhu sau:

Khoang dong: [a:b] = {x\a <x< b}
Khoang md: (a:b) = {x'a < x < b}

Céc khoang nira mg:  |a:b) = {xia <X < b}.

(a:b] = {x‘a <x < b}
1.2. Cic bién sé kinh 16

Trong linh vue Kinh té nguai ta thuomg quan tdm dén céc
dar lugng nhu gia ca, lugng cung, lugng caun, doanh thu. chi
phi. thu nhap quéc dan,...Khi phén tich xu hudng thay doi gia
tri cua cac dai lugng do theo khdng gian, thoi gian va theo cac
diéu ki¢n khac nhau. cac nha kinh té xem ching nhu cac bién

s0. Cac bién s6 do duge goi la bién sé kinh té.

Trong cac tai liéu kinh té. nguoi ta thuong ky hiéu cac
bi¢n s6 kinh té bang céac chir cai du cac lir ticng Anh md ta

cac bicn s6 d6. Dudi day 1a mét s6 ky hiéu thuong gap:
p: Gia hang hoa (price);

Qq: Lugng cung (Quantity Supplied);

14 Truong Cao déng héa chét
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Qq: Luong cau (Quantity Demaned);
U: Loi ich (Utility):
TC: Téng chi phi (Total Cost);
TR: Téng doanh thu (lotal Revenue);
Y: Thu nhap qudc dan (National Incomc);
C: Tiéu dung (Consumption).
2. Quan hé ham s
2.1. Dinh nghia ham sé.

Mot ham s f xac dinh trén tip hop X <R la mot quy tac
cho tuong tmg voi mbi sé thue xe X voi mot va chi mot sb

thuc v.
Kihiéu: {:xmy=1f(x)hoac y=1(x).
Tap hop X duge goi 1a mién xac dinh ciia ham $O I

S$6 thuc y twong tmg véi so x theo quy tic £ duge goi la gia

tri cuia ham s6 ftai diém x. Ki hiéu 1a f(x).

Tap hop tat ca cac sb thuc y la gia tr1 ciia ham sd f tai it
nhat mot diém thudée mién xac dinh cua noé duogc goi la mién
gid tri cua né. Ki hiéu mién gia tn1 cua ham sb f trén mién xac
dinh X la:

Trudng Cao ddng hoéa chét 15
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fiX) = {y e RjIx e X.f(x) = v}

2.2. Cdc phwong phdp cho ham sé
2.2.1. Phuong phap gidi tich

Day la phuong phap quan trong nhat. phuong phap nay
néu 1én mbi lién hé giira x va y boi mdt cong thire giai tich (tire
la mot dang thire gitta cac biéu thac chira nhitng phép cong,
tru. nhan. chia. luy thira,.. .tdc dung [én x va y).

Vidu.
oy =tg’x-x" 2
x khix>0
I R
x" khix <0
2.2.2. Phirong phap bang

Mot lién hé gitra x va y duge cho bai bang cdc ham so
lugng gidc. logarit. bang cic s6 liéu thue nghiém.

2.2.3. Phicong phdp do thi

Méi lién hé gitra x va y duoc biéu dién bdi mot duong
thang hodc dudng cong.
2.3. Quan hé ham sé giiva cdc bién sé

Trong cac linh vuc khoa hoc nguoi ta phan tich quy ludt
thay ddi g1 tri cua cac dai lugng do duoc béng sd dudi dang

16 Trudng Cao ddng héa chat
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cac bién sb ¢6 quan hé véi nhau. Su thay d6i gia tri cia bién sd
nay kéo theo sir thay déi gia tri clia bién s6 kia theo mot quy
ludt nhat dinh. Ching han, trong kinh té chiing ta thiy khi gia
hang hoa thay d6i thi lugng hang hoa ma ngudi san xuat mudn
ban ra thi trudng va luong hang hoa ma ngudi mua bang long
mua ciing thay déi theo. Khi thu nhap cia cac gia dinh thay doi
thi lugng tiéu diung cua ho cling thay di. Sy phu thudc ciia mdt
bién s6 nay vao mot bién sb khac thuong duge biéu dién dusi
dang ham s6.

3. Ham s6 nguwoe

Xét ham sé y = f(x) voi mién xac dinh X va mién gid tri Y =
f(X). Néu v&i mdi gia tri yoe Y chi ton tai duy nhat mot gia tri
xg€ X sao cho f(xy) = yg, tdc la phuong trinh f{(x) = y, c6 nghiém
duy nhit x, trong mién X, thi:

y=f{x) & x= t"(y) vt xe X, yeY

(trong do ki hiéu xy = f'(y,) chi nghiém duy nhét cia phuong
trinh f(X) = y()).

Ta goi ham sb x = £''(y) 14 ham sb nguoc ciia ham sd y = f(x).
Vi du.

e Ham sb y = x* voi mién xac dinh(MXD) R ¢6 ham sé

nguoc 1a ham sé x = 1fy

Trudng Cao ddng héa chét 17
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e Ham s y = sinx véi MXD X =[—g;g] c6 ham sb ngugc 1

ham s6 x = arcsiny , ye [-1:1].

e Ham sé y = cosx véi MXD X =[0:z] ¢6 ham sb nguoc 1a

hiam sé x = arccosy , ye [- 1;1].
e Ham séy = tgx véi MXP X = [—gg] cé ham sé ngirge

la ham 6 x = arctgy , ye R.
e Ham sd y = cotgx v6i MXD X = (0;7) c6 ham sd nguoc la
ham sd x = arccotgy. ye R.
Chii y. Do trong toan hoc ngudi ta thuong ding ki hiéu x dé chi
bién s6 doc 1ap. y dé chi bién sb phu thudc nén trong thuc té thay
cho cach viét ham s6 nguge dudi dang x = f'(y) nguoi ta thay
ddi vai trd cia x va y cho nhau, tic lay = "(x).
Vidu.
o I1am s6 y = ¥x 1a ham s6 nguoc ciia ham s6y = x°.
e Himsdy=a"(a>0,a # 1) ¢6 ham s6 nguoc la y = log,x
4. Mot s dic trung ham sb
4.1. Ham sé don diéu

Dinh nghia.

Ham sb f(x) dugc got la ham don di¢u tdng trén khoang X

néu vai moi X, x,e X max; <xjtacd f{x;) < f(xy).

18 Trudng Cao ddng hda chét
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ITam so f(x) duge goi 1a ham don diéu giam trén khoang X
néu voi moi x;, x;e X max; <x»tacd fi(x;)> fixy).
[am s6 don di¢u ting (don diéu giam) con dugc goi la
ham sb ddng bién (nghich bién).
Vi du. 11am sb f{x) = x* 12 ham s don diéu tang trén khoang
[0; +o0) va don di¢u giam trén khoang (- 0] vi:
X1, X2 [0: o), x1<X; = f(x,) =x; <f(x,) =X}
X X€(-0; 0], x1<x; = f(x,)=x{ >1f(x,)=x3
Chu y.
i. DS thi ham sb don diéu tang la mot duong cong di 1én,
d6 thi ham s6 don di¢u giam 12 mét duong cong di xudng.

I 1

y = {(x)
y = f(x)

O X
O _/ X

, Ham s6 don diéu gia
Ham s6 don diéu tang m S0 GO dlett g1am

ii. Ham sb f(x) duoc goi la ting nghiém ngit (giam nghiém
ngat) trén khoang X néu vdi moi x,, X;eX ma x; < x; ta ¢o
f(x1) < f(xa) (f(x)) = f(x2)).

Trudng Cao ddng héa chét 19
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4.2. Him sé bj chin
Dinh nghia.
Ham sb f(x) dugc got 14 bi chan trén trong khoang X néu
véi moi xe X ton tai mot sé M sao cho f(x) < M.
Ham sb f(x) duoc goi 12 bi chan dudi trong khoang X néu
voi moi x e X tdn tai mot s6 m sao cho f(x) > m.
Ham s6 f(x) dugc goi 1a bi chan trong khoang X néu f(x)
vira bj chan trén va vira bi chan duéi trong X.
Vi du.
e Ham $6 f(x) = x> + 1 12 ham s6 bi chan dudi vi f(x) = x* +
1 >1véimoix € R,
e Ham sé f(x) = -x* + 2 1a ham s bi chin trén vi f(x) = -x*
+2 < 2véimoix € R.
e Ham s6 f(x) = sinx 12 ham sé bi chin vi |sinx| <1,vx eR.
4.3. Ham sé chdn, ham sé 16

Pinh nghia.
Ham sb f(x) x4c dinh trén tdp X duoc goi 1a ham sé chan
néu véi moix € Xtacod —x e X va f(-x) = f(x).

Ham sb f(x) x4c dinh trén tap X dugc goi 1a ham s 1é néu
vdi moix e Xtacd —x e X va f(-x) = -f(x).

20 Truong Cao ddng héa chét
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Vi du.

e Ham sb f(x) = x* 12 ham sb chin

e Ham sé f(x) = x* 1a ham sé 1é
Chii y. D6 thi ciia ham sd chin va ham sé 18 ¢6 tinh chit ddi
xing, cu thé 12 dd thi ham sb chin nhén truc tung 12 truc dbi
ximg con d6 thi ham s6 1é nhan gdc toa d§ 1a tim déi ximg.
4.4. Ham sé tuin hoan
Pinh nghia. Ham s6 f(x) x4c dinh trén tdp X dugc goi 1a ham
sb tudn hoan néu ton tai sb duong T sao cho vdi moi x € X ta
ludn ¢oé:

xtTeX
fix +T) = f(x)

Chii y. S6 duong T nho nhét thoa man didu kién trén duoc goi

la chu ky cta ham sé.
Vi du.

C4c ham sd sinx, cosx 13 ham sé tuan hoan véi chu ky T
=27 vi sin(x+2x ) = sinX. cos(x+2xn) = cosx, Vx € R.

Cac ham sb tgx, cotgx 1a ham sb tuln hoan vé&i chu ky T

=7 vitg(x+n) = tgX. cotg(x+n) = cotgx, Vx e R.

Trudng Cao ddng héa chét 21
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4.5. Ham s6 hop

Pinh nghia. Cho ham sé y = f(u). trong d6 u = g(x). Khi dé ta
n6i y la ham sé hop cna bién s6 x thdng qua ham $6 trung gian
u, ki hiéu 12 y = f[g(x)]-

’ [y 4 ) \ 1 A L3 A M 4
Vidu Ham sd y = sin”x la ham s6 hop cia x thong qua ham so6

trung gian u = sinx.
5. Cac ham sb so cfap co ban va cac phép toan so cap dbi
véi ham sé
5.1. Cdc ham sé so cip co bin
e Ham sb luy thira f(x) = x*, a 14 hing sé;
e Himsémii f(x)=a% a>0vaa = I;
e Ham s6 logarit f(x) = log.x,a>0vaa = 1;

e Cac ham sd lugng giac f(x) = sinx. f(x) = cosx, f(x) = tgx.

f(x) = cotgx:

e Cac ham sd luong gidc nguoc f(x) = arcsinx, f(x) = arccosx.

f(x) = arctgx, f{x) = arccotgx.
5.2. Cdc phép todn so cip dbi v6i ham so

Céac phép toan cong, trir, nhan, chia va phép ldy ham so
hop: Puoc thue hién gidng nhu ddi véi cac biéu thue dai sb.

22 Trudng Cao ddng hda chét
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Néu f(x), g(x) la cac ham sé cho dudi dang biéu thirc thi cac
biéu thitc f(x) + g(x), f(x) - g(x), f(x).g(x), % dugc goi tuong
gx

{rng 12 tong. hiéu, tich, thuong ctia t(x) va g(x).

Vidu.

o Ham s6 v = 3x + 7" | tong ciia hai ham s f(x) = 3x va g(x)
=7

3 .
X~ +81nx

e Himsby = 1a thuong cua hai ham b f(x)=x"+

log x

sinx va g(x) = log,x

6. Cac mod hinh ham s6 trong phan tich kinh té
. 6.1. Ham cung va ham ciu

Khi phan tich thi truong hang hoa va dich vy, cic nha kinh
té sir dung khai niém ham cung Q, = S(p) va ham cau Qq =
D(p) (trong do6 p la gia cua hang hoa, Q la lugng cung tuc la
lrong hang hoa ma ngudi ban bing long ban & mie gid p. Qg
14 luong cau tie 12 lrong hang hod ma ngudi mua bang long
mua & mirc gia p) dé biéu dién su phu thudc ciia luong cung va
luong cau ciia mdt hrong hang hoa vao gia cua hang hoa do.
Tat nhién, luong cung va hugng cau khong chi phu thude vao

yéu to gid ca ma con phu thudc vao nhiéu yéu td khac nhu thu

Trudng Cao ddng héa chét 23



TOAN CAO CAP

nhip. gia cua cac hang hoa khac lién quan,...do d6, & day ta
chi xem xét ham cung va ham cdu voi gia thiét 1a cac yéu td
khac khéng thay déi.

Dbi voi hang hoa thong thuong thi ham cung 1a ham sé
don diéu tang, ham cau 1a ham sé don diéu giam, tirc 1a vdi cac
yéu td khac khéng dbi. khi gia hang hoa ting nguoi thi ngudi
ban sé mudn ban duoc nhidu hang con ngudi mua s& mua it di.
Ngudi ta goi db thi ciia him cung va ham ciu la duéng cung
va duong ciu, diém giao nhau gitra duong cung va dudng ciu
dirge goi 1a diém can bang cua thi truomg, tirc 1a & muc gia p
thi Q, =Q, =Q. Nghia la ngudi ban s& ban hét va ngudi mua
s& mua dq, thi truong sé khéng con hién tugng du thua hodc
khan hiém hang ho4.

Chii y. Dé bidu dién 4o thi cia °
ham cung va ham cau trén mat
phing toa do, ngudi ta qui ude truc
hoanh dé biéu dién lugng Q, truc
tung &€ biéu dién gia p. Cach qui O

u6c nhu vay tuong img vai viée
biéu dién d6 thi cia hai ham sd
nguoc p = $7(Q,) va p = D'(Qy)
cia ham cung va ham cau,
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6.2. Ham sdn xudt ngdn han

Cac nha kinh 1€ hoc si dung khai niém ham san xuat dé¢ mo
ta su phu thudc cua san luong hang hod cia mot nha san xuat vao
cac yéu to dau vao cua san xuat (goi la yéu to dau vao) nhu von,
lao dong, vat tu,. ..

Trong kinh t€ hoc khdi niém ngan han va dai han khong

dugc xac dinh bang mot khoang thoi gian cu thé ma duoc hiéu
nhur sau:

Ngén han [a khoang thoi gian ma it nhét mét trong cac yéu tb
san xuit khong thé thay dbi, dai han 1a Khoang thoi gian ma tat ca
cac yéu to san xuét c6 thé thay doi

Khi phan tich san xuat, ngudi ta thuong quan tam ti hai yeu
td san xuat la von. lao dong ki hiculaK val..

Trong ngin han thi K khéng thay ddi nén ham san xuat ngan
han c6 dang Q = {(L), trong d6 L 1a luong lao dong duge sir dung
va Q la mic san lugng tirong (ng.

6.3. Ham doanh thu, ham chi phi va ham lgi nhudn

Téng doanh thu, tdng chi phi va tng loi nhuan ciia nha san
xudt phu thudc vao san hirong hang hoa. Khi phan tich san xut,
cting v&i ham san xuét cic nha kinh t& con sir dung cac ham sé
sau:

6.3.1. Ham doanh thu 1a ham sb biéu dién su phu thude cia tong
doanh thu (ki hiéu 1a TR) vao san luong (ki hiéu la Q).
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TR = TR(Q)

chéng han. téng doanh thu cua nha san xuét canh tranh 13
ham bac nhat TR = pQ véi p 12 gia san phdm trén thi truong.
6.3.2. Ham chi phi 1a ham s6 biéu dién su phu thude cua tong chi
phi san xuat (ki hiéu 1a TC) vao san hrong (ki hiéu 1a Q).

TC =1C(Q)
6.3.3. Ham loi nhudn 1a ham $6 bicu dién su phu thudc cua téng
chi phi san xudt (ki hiéu 1a ) vao san luong (ki hiéu 1a Q).
n = n(Q)
Chii . Ham loi nhuan ¢6 thé xac dinh duge thong qua ham
doanh thu va ham chi phi.
n ~ IR(Q) - TC(Q)

6.4. Ham tiéu ding

Luong tién ma nguoi tiéu ding danh d¢é mua sam hang hod
va dich vu phu thudc vao thu nhap. Cac nha kinh té s dung
ham tiéu dung dé biéu difn sy phu thude cia bién tiéu dung C
vao bién thu nhép Y.

C=1(Y)

Chu y. Theo quy luat chung. khi thu nhap tang nguoi ta ¢é xu
hudéng tiéu dung nhiéu hon do d6 ham tiéu dung la ham dong
bién.
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§2. Gigi han ham sé

1. Cac dinh nghia

Pinh nghia 1. $6 A duoc goi 13 gidi han clia ham sd f{x) khi x
— anéu khoang cach giira f(x) va A ¢d thé thu hep mét cach tuy
v bang cich thu hep trong tng khoang céch tir x dén a. tire 14 voi
moi sé € >0 bé tuy ¥. bao gid ciing tim duoe twong \mg mdt s6
5 >0 sao cho bat dang thirc

f(x)- Al <& duge thoa man khi x
thude mien xac dinh ciia ham s6 va 0 <lx —ai < 3.

Ki hi¢u: imf(x) = A hoic f(x) > Akhix - a.

DPinh nghia 2. Ta ndi ham s6 {(x) ¢6 gidi han la A khi x— o
néu vai moi s6 ¢ >0 cho trude nho ty y. ton tai mot s6 M sao

cho v&i moi x ma [x|> M thi ta ludn ¢6 [fix)- Al <e.

KihiCu: lim f{x) = A hogc f{x) - A khix — «.

Vidy. Ching minh lim(3x -1) =3

That vay, ta ¢6 lf(x)— 5| =|(3x -1)- 5 =3]x - 2|.

.- . X . . € . A
Vi moi 6 £ >0 bétuy v tachon 8=--. Khi [x -2/ <& taludn
S

¢ [fix)-5Sl=3x -2 <35=¢.

Viy theo dinh nghia ta cé diéu phai chimg minh.
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2. Giéi han mdt phia

Trong dinh nghia néu trén ta xét chung ta xét qua trinh x
> a khong phan biét x > a hay x < a. Khi xem xét giéi han,

nhié¢u khi ta phai xét riéng hai qua trinh véi ky hiéu nhu sau:
e Quatrinhx —» avdix>a kyhidulalax - a
e Quatrinhx - avoix<a kyhidulalax —» a
Gidi han cua ham sb f(x) khi x> a” va x — a duoc goi

frong tng la gidi han bén phat va gidi han bén trai cua ham s6

f(x) tai diém a. ki hi¢u twong ung 12 lim f(x), lim f{x).

Pinh li. Diéu kién cin va di dé limf(x)= A la

X—3a

im f(x) = limf(x) = A .

X—>a x—a’

— tai diém x = 0.

Vi du. Xét gii han ctia ham s6 f(x) =
’ 1+2°

Tacé lim—— =0, lim ——=1. Vay theo dinh Ii, ham s6
07 07

14+ 142~

khong ton tai gidi han tat x = 0.

3. Mét s6 dinh 1i vé gi¢i han caa ham sb -

Pinh li 1 (Tinh duy nhit cia giéi han ham sd).
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Gi6i han ctia ham sb f(x) khi x — a (néu ¢6) 1a duy nhét.
Pinh li 2 (Cac phép toan trén gidi han ciia ham sb)
Néu cac ham sb f(x) va g(x) déu ¢o gidi han khi x — a thi:

lim(f{x) = g(x)] = lim f{(x) % lim g(x)

lim f(x)g(x) = lim f{x).1im g(x)

- limf(x)

m fx) == Qimg(x) %z 0)

rg(x) limg(x) Ao
Pinh li 3. Gia st ba ham s6 f{x), g(x) va h(x) thoa man bit dang
thirc

f(x) < g(x) < h(x) voi xe(a: b)

Khi dé. néu lim fix) = lim h(x) = A thi lim g(x)=A.

Ny NN,
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§3. Pai lwgng vo cung bé va vo cung lon

1. Dai lrong vé cung bé
1.1. Djnh nghia. Dai luong o(x) duge goi 1a mot vo cing bé

(VCB) khi x—>a néu lima(x)=0.

Vi du.
o u(x)=x—11amdt VCB khi x— 1.
e Cac dai lugng sinx. tgx la VCB khi x —0.
Chu v.
e Moi hing s6 C =0 déu khong thé 1a mot VCB.
e Hai dai tuong a(x). B(x)duge goi 1a VCB dong thoi néu
chiing 1 cac VCB trong cung mot diéu kién x > a.
1.2. So sdnh cdc VCB
DPinh nghia 1. Cho «(x)va pB(x)la hai VCB dong thai khi x > a.
Ta ndi a(x)la VCB bédc cao hon B(x)khi x—a khi va chi khi

Dé noi réng a(x)la VCB béc cao hon B(x)khi x »>ata viét
a(x) = 0[p(x)].
Vidu a(x)=1-cosx la VCB bac cao hon B(x)=2x khi x—0
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Nhin xét. Tir dinh nghia ta d& dang suy ra cac ménh dé sau:
e Néu a(x) = 0[B(x)] thi a.a(x) = 0[p(x)] ( a 1a hing s6)

o Néu a(x) = 0[p(x)] va y(x) = 0B(x)] thi a(x) % »(x) = 0[Bx)],
a(x).7(x) = 0[Bx)]

k+2 h+p

Vidu Vaik > 0.khi x>0 tacd Bx)=ax" ' + ax

= 0[x].

+...t apX

Pinh nghia 2. Ta nd1 a(x) va p(x)la hai VCB cling bac khix—a

Khi va chi khi 1im %% = k 2 0

N B(X)
Pic biét khi k = 1 ta ndi a(x)va P(x)la hai VCB tuong duong. ki
hig¢u fa a(x)~ B(x) khi x —>a.
Vi du.

o a(x)=1 —cosx va B(x)=x"/21a hai VCB tuwong duong khi

x—0.
e a(x)=tgax va B(x)= ax la hat VCB twong duong khi x— 0.

¢ o(x)=In(1 + x) va B(x)=x 1a hat VCB tuong duong ki

x—0.
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1.3. Ung dung cia VCB trong viéc tim gioi han dang vé dinh

0/0

Dinh li. Gid str khi x —a ta ¢6 cac cdp VCB tuong duong

a(x)~ a,(x) khi x—>a, B(x)~ B,(x) khix—>a

Khi dé néu 11m o, (x) ton tai thi ta co:
A ra B1 (X)
a(x) 2 1 (X)
m = lin
Xx—a B(X) \—a ﬁ (s()
Chimg minh.

T og 800 _ 60 a,(x) B()
ﬁ(‘() a,(x) B](X) B(x)
X —a ta c6 dicu phai chimg minh,

Vi du.

. sinx +4x° . sinx
¢ lim—————=lm——=
Vo0l —cosx+3x 03X

]
S
3

I—cosx +2x . 2X

e lim
W0 Ax + X

2

2. Dai lrgng vé cung lém

. chuyén qua gi¢i han khi

2.1. Dinh nghia. Dai luong F(x) duoc goi 1a mot vo cung Idn khi

X —>a néu lim|F(x)] = +o0 .
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Vidu Vo k>0 vaa=0taco:
e ax* 1a mot VCL khi X = +eo,
e ax™* 1a mot VCL khi x— 0

2.2. Pinh Ii (M&i lién hé giira dai luong VCB va VCL)
Néu F(x) 1a mét VCL Kkhi x—sa va F(x)= 0 thi a(x) - % I
“{X

mot VCB khi x—a. Nguoc lai, néu a(x)1a mét VCB khi x >a va

a(x) =0 thi F(x)= % la mot VCL khi x > a.
a(x

1

] -cosx

Vidu a(x)=1 -cosx la mét VCB khi x— 0 thi F(x)= la

mot VCL khi x— 0.
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§4. Ham s4 lién tuc

1. Khai ni¢m ham so6 lién tuc
1.1. Ham 50 lién tuc tai mot diém

Cho ham sé f(x) x4c dinh trong khoang (a; b). ta néi rang

ham s6 f(x) lién tuc tai diém xqe (a; b) néu:

lIim f(x) = f(x,)

X—>Xq

Ham s6 f(x) khong lién tuc tai diém x, duge got la gian
doan tai di¢m ay. Vay X, 1a diém gidn doan cda ham s6 néu x,
khong thudc mién xac dinh cia f(x) hodc x; thudéc mién xac

dinh cua f(x) nhung lim f(x) = f(x,) hay khong tén tai lim f(x).

Chuy.
1. Néu ¥x, thudc mién xac dinh ciia ham so6 va

lim f(x) = f(x,) ( lim f(x) = f(x,) ) thi ta né1 ham sb f(x) lién tuc

phai (lién tuc trai) tai x,.
ii. Ham sb f(x) lién tuc tai diém X, khi va chi khi né dong

thoi lién tuc phai va lién tuc trai tai diém xg.
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1.2. Ham s6 lién tuc trén mot mién

Ta néi ham s6 f(x) lién tuc trén mét mién X < R néu no lién tuc

tai moi diém thude X.

Chu y. Trong truémg hop X = [a: b] thi f{x) lién tuc trén X néu nd
lién tuc trén khoang (a; b) va lién tuc trdi tai a, lién tuc phai tai b.

Vi du.

e Ham so ((x) = x lién tuc v&i moi x hiru han

e Ham s0 f(x) = gian doan tai x =a vitai x = a ham

X—a

s6 khong xéac dinh

] 1 khi x < ! 1
e Ham so f(x) = 21 g1an doan tai x =— vi
1 khi x> 2

lim f(x)=1= lim f(x) = -1
1 -

X - =
2

2. Cac phép toan so cAp d6i véi cac ham sé lién tuc
Pinh li 1. Néu cac ham s6 f(x) va g(x) cing lién tuc tai diém x thi:
o Cac ham sb [(x) + g(x) va f(x).g(x) lién tyc tai diém x,

f(x)

e Ham sé ﬁ ciing lién tuc tai diém x néu g(x) # 0
g(x
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Pinh li 2. Néu ham sb ¢(x)lién tuc tai diém x, va ham sé f(u)
lién tuc tai diém uy = (x,)thi ham sé hop flp(x)] lién tyc tai
diém x,.

3. Cac tinh chét ciia ham s lién tuc

Pinh Ii 1. Cho ham sb f{x) xac dinh va lién tuc trén khoang
I=(a; B)  cho a, be I va f{a)f(b) < 0. Khi d6 ton tai diém ce (a: b)
sao cho f(¢) = 0.

Hé qua. Néu f(x) lién tuc trén doan [a; b] va f(a).f(b) < 0 thi
phuong trinh f(x) = 0 ¢6 it nhat mdt nghiém trong khoang (a;
b). tire 12 ton tai it nhit mot diém ce(a; b) sao cho f(c) = 0.

Pinh i 2. Néu ham s f(x) lién tuc tai diém x, thi tai do ta co

_lim f(x) = f( lim xj.
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Bai tip chwong 1

1. So sanh cac v6 cung bé sau

a. a(x) = sinx.B(x) =x> khix—0

b. a(x)=1- cos(g - x).B(x) = cotgx khi x - g

C. a(x) = cosx —sinx,B(x) = cos2x khi x — %

2. Doan thing OP nébi lién tam O v&i diém P ngoai dudng tron.

Vé tiép tuyén PT va tir T ha duong vudng goe TN xuong OP.

GO1 A la giao gitra OP vt duong tron. Chimg minh AP va

AN 12 hai v6 cliing bé tuong duong khi P> A.

3. Sir dung ung dung ctia vé cung bé tim gidi han cac ham sb

3x +sin’x VI+x =1

a. lim b. Iim

20 sIn2x ~ X” =0T +x =1

arcsin

X
- 2 1 o2
lim1 COS2X +1g°X 4. lim 1-x

A0 X.SInX w0 In(1+x)

4. Xét tinh lién tuc cia cac ham sd

Trudng Cao dang héa chét
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2

X" —4 ) S .
g fxy={3 o Kix#2 oy gy Je Khix=0
4 khix=2 0 khl)(:O
xsinl khix =0
f(x) = X
0 khix =0
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Chwong 2
PHEP TiNH VI PHAN CUA HAM SO MOT BIEN

§1. Pao ham

1. Khai niém dao ham
1.1. Pao ham cua ham so tai mot diém

Gia sir ham sb v = f(x) xac dinh trén khoang (a; b). Néu
xudt phat tir diém Xge (a; b) ta cho bién doc lap thay ddi gia tri
dén diém xe(a; b) thi bién phu thudc y s& thay dbi gia trj tir
f(xo) dén f(x). Hiéu Ax = x — X, chi lugng thay dbi gia tri cua x,
dugc goi Ia sd gia cua dbi  sb, con hidu sb
Ay = f(x) - f(x,) = f(x, + Ax)~ f(x, ) chi luong thay dbi gia tri

tuong ng cua y dugce got 1a sé gia twong ng cta ham so.

Ty o Ay _ f(x, + Ax) - f(x,) _ t(x) — f(x,)

biéu dién toc do
Ax Ax X-X,

bién thién trung binh cta bién sb y khi bién x thay ddi gid tri tir x,
dén x. Néu ty sé nay c6 giéi han hiru han khi Ax — 0 thi gidi han

d6 cho biét the dd bién thién tirc thoi cia ham s tai diém x,.
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x

Dinh  nghia. Gisi han (néu ¢ cia ty sd

Ay _fx, + 80~ F0,) _ 0= fxg) o
Ax Ax X-X,

Ax — 0 duogc goi la dao

ham ctia ham s v = f{x) tai diém x,. Ki hidu (2 y"(xg) hodc £(xy).
Theo dini nghia ta e

: / i —f(x f(x) - f(x
f (X()) — l]m A_} — hm (XO +AX) (\0) — llm (X) (XO)
Ax—0 AX Ax 0 AX N X -X()

Vidu l Tinh dao ham cia ham sd f(x) = x* tai diém x, bt
ky.

Giai.

Cho Xo $6 gia AX, ta co
Ay B #8077 X (2x, + AX)AX . Theo dinh nghia dao ham
Ax Ax Ax

&y

taco f(x,)= lim .

= A111110(2)(0 +Ax) = 2x,.
Vidu 2 Tinh dao ham ciia ham sd f(x) = sinx tai diém x, bat
kv.

Giai. Cho x( s0 gia Ax, ta co:

. . A . sinx-—sinx
f(x,)= lim =¥ = Jjm 2020 e
Ax—0 Ax XY, x_xo
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X+ X X=X
2cos % sin 3
tim 2 2
Y, X - xo
. X—X,
X + X sin s
= lim cos  lim = COSX,,.
A 2 vou X=Xy
2
1.2. Dao ham mét phia.
Gigi han (néu co) cua ty sO
Ay f(x, + Ax) —f(x,) 1(x)—f(x,)

khi Ax = 0" duge got 1a
Ax AX X - X,

dao ham ben phai cua ham s6 y = f(x) tai diém x,. ki hiéu la
£ (%)

Theo dinh nghia ta co:
: : —fi fix) —
£y = Tim 2Y 2 g R P80 =1) o, H0=HX,)
Avo0! AX Ax—H0" AX A AWK X - X(I

Tuong tu.

f(x;)= lim &Y _ i flxo + Ax) = 1(xo) _ lim 160~ %)

Av—=0" Ax A0 AX oy X - )(0

duge goi 1a dao ham bén trai cia ham sd v = f(x) tai diém x,.
Pinh li. Diéu kién cin va du dé ham sd y = f(x) c6 dao ham tai
diém X, 12 dao ham bén phai, dao ham trai caa ham so y = f(x)
tai diém X0 tdn tai va béng nhau.

Trudng Cao dang héa chét 41



TOAN CAO CAP

Tacla f'(x,) =k &t (x)=f(x )=k

Vi du. Xét dao ham cia ham sb {(x) = |x| tai diém x,= 0, ta c6:

_ A
f(x)=lim ﬁz lim M:l,

A0 AX A0 Ax

. F Ax
f (x )= lIim gz lim u:
" Mm-0 AX A0 Ax

~1.

suy ra f(x7)#f (x7) nén ham sb f(x) khong cé dao ham fai
diém x, = 0.

1.3. Méi lién hé giita dgo ham va tinh lién tuc cda ham sé
Pinh 1i. Néu ham sd c6é dao ham tai diém x, thi no lién tuc tai
diém do.

Chirng minh.

Gia sur £(Xg) ton tai, khi do ta co:

lim [f(x) -1(x, )]: }im I‘g)_fi‘))(x ~x,)=((x,).0=0,

A >0 Ay X — X()

suy ra limo f(x) = f(x, ). Didu nay ching toé ham s f(x) lién tuc
Ax >

tai diém x,.

Chit y. Dinh 1i khang dinh ham sb lién tye tai tit ca cac diém

ma tai do nd c6 dao ham. Tuy nhién, mdt ham s6 lién tuc tai

mot diém thi chua chic da ¢ dao ham tai diém d6. Ching han,
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ham sé f(x) = x| lién tuc tai diém x = 0 nhung khédng ¢6 dao
ham tai diém dé.
1.4. Y nghia hinh hoc cia dgo ham.

Cho duong cong (C) ¢o phuong trinh y = ((x). trén (C) lay
Mo(Xo: Yo) va M(xg+ Ax ; yot Ay ).

. e L . Ay , A A

Go1¢ la goc gira M N va Ox thi A—\ =tge chinh I hé $6 goc
X

cua ddy cung MyM. Khi Ax —> 0 M sé& dan dén M, trén duong

cong, diy cung MyM s¢ trung vai tiép tuyén MyT va goc ¢ sé&

dan dén goc o , tire la ta co:

. Ay . .
lim — =limtgp =tga =1 (x,).
1‘\1-»0 AX q;l—r»? g(/, ga ( 0)
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Vay, dao ham cua ham so y = fix) tai diém x, la hé s6 goc cua

tiép tuyén voi dieomg cong y = fix) i diém My c6 hoanh d6 x,
2. Pao ham ciia cic ham s so cip co bian

Dé thuc hién viéce tinh toan dao ham, trudce hét ta can phai

ghi nho cac cong thirc dao ham cua cac ham sd so cdp co ban

sau day:
1 (CYy =0 y (xu ) - ax® 1 ) = I}.(a) =a.lna.{") ="
. ;
A.(log,x)=——— (lnx) = — 3. (S1n\) = cosx 6. (cosx) = -sinx
: xlna X
1 1 | 1
7.(tex) = m—— 8. (cotgy) = — ——-— 0. (arcsinn) =
cos X sIn~x 1-—x2
1 : 1 1
10, (arccosy) - — ———— U {aregy) = 5 12, {arccotgy) = — 3
p) = !
1=x> +x : 1+ x

3. Cac qui tic tinh dao ham
3.1. Dgo ham cua tf;ng, hiéu, tich, thuong cdc ham Y

Pinh li. Néu cic ham s6 u = u(x), v = v(x) c6 dao ham tai

diém x, thi tai diem do ta co:

1. (u + v)' =u +v
1. (c.u) =c.u, ¢ lahing 56 bat ky.
1. (WV) =uv+uv
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v, (3] JUYIW )

\Y
Chirng minh.

Ta chitng minh céng thirc ni), cac truomg hgp con lai
chirng minh tuong tu.

biat v = uv, khi do tai diém Xp ta co:
Ay = u(xot AX).v(xy+ A X) - u(Xp).v(Xp) =

= fulxg + AX) - u(x)l.v(xg + AX) T [V(Xo + AX) -
V(xp)]-u(xg) =

= Auv(Xyt AX) T u(Xg).Av

suy ra

: . Ay . (Au Av . :

¥ (%)= hrzt])A_i = RL"{A‘( V(% +AX)+U(X‘))-‘/-\;] =U (X )V(X) +uxg)V (Xq)
Vay dao ham cua ham $O y=uvla y' =uv+uv.

Vidul Choy=3x —5x+6thiy =9x° -5

Vidu 2. Choy = (3x— 5)sinx thi y = 3sinx + (3% - 5)cosx

2 .
3x . - OXcosx +3X7simnx
Vidu 3. Cho v = thi y =
T cosx cos’x
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3.2. Pao ham cia ham sé hop
Pinh li. Néu ham sé u = p(x) ¢ dao ham tai diém x, va ham s
y = f(u) ¢6 dao ham tai diém tuong img u, = ¢(x,) thi ham hop
v(x) = fle(x))c6 dao ham tai diém x, duoc tinh theo cong thic
y (x0) = f'(uy)@ (x,) hay y, =y, u,

Chirng minh.

Tai diém x,. néu thay dbi gia tr1 cua bién x mot lugng Ax
thi u = @(x) thay ddi mot luong tuong ing Au . kéo theo y = f(u)
thay d6i mét lugng Ay . Do ham sd v = f(u) c6 dao ham tai diém
Xo nén ta ¢o:

. Ay o Ay .
1}1‘1}0 Al =f ()= E—f (uy) +a(Au),

(2.1.1)

trong do u(Au) la mdt vo cung bé khi Au — 0,

T (2.1.1) suy ra Ay =1 (u,).Au + Au.o{Au) =

Ay Au  Au
— =1 (u,).—+—.(Au
Ax (())Ax e (Au)

Ham sO u = ¢(x)co dao ham tai diém X, nén né lién tuc tai

diém do. Khi Ax — 0 thi Au— 0, do d6 ta cé:
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- . Ay . . Au . Au
y (o) = Jim =20 = £ (uy) lim —==+ lim == lim a(Au)

=1 (ug)u (X, ) +u (x,).0 =T (u,)o (x,).

Vidu Ham sbé v = (3 — 5x)° 1a ham s hop ctia hai ham co ban la
y =1’ vau=3 - 5x. Theo quy tac tinh dao ham cila ham sé hop
ta ¢co:

y =@’ (3 -5x) =6u’.(-5)=-30(3 - 5x)°.
Chil y.

i. Dinh li nay ¢6 thé suy rong cho trirong hop ham sd hop

nhicu 1an, chéng han y = f(u), u = ¢ (v), v = y (x) thi

Vv o=y, u.v

ii. Ap dung qui tic dao ham cta ham s& hop. néu u = g(x)

1d mdt ham s6 ¢d dao ham thi dao ham cia cac ham so ¢dp co
ban dugc st dung nhu sau:

: - 2. (a") = a"Ina.u 3(eY) = e
L (u’) =au®'u
u u . .
4{log,u) = s(nu)y = — 5. (snu) = u.cosu 6 (cosx) = -usinu
ulna u
u u u
7. (1gu) = 3 8. {catgu) = — — 3 9. (arcsinu) =
cosu sIn"u l-u’
' : 12, {arccotgu) =
u u .
10. (arccosx) = — ————— 11. (aretgu) = 5 u
3 - ——
1-u- T+u 2
L 1+u
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o x'+3) x

43 x4

Vidul y=+x"+3 thiy

Vidu?2 y=In(x++vx*+5) thi

1+ e

\I__-_(x+\/x2+5);_ VX245 1

— = -— =
X+ VX2 +5 x+\/xl+5 VX145

v

. . ) 1 _ ] 1 ,
Vidy 3. Cho y =sin(cos—),dat y = sinu, u = cosv, v = — ta co:
X X

1

5 -

X

y,=cosu,u, =-sinv. v_=-

uw

Ap dung cong thirc tinh dao ham ciia ham s hop ta co:

AY

: , 1 1 .1 1
¥, = COSW.(-SINV).{- —) = —.sIn —.CO8(cOs —)
X~ X" X X

3.3. Bgo ham cua ham so nguoc
Dinh li. Néu ham s0 v = f(x) c¢6 dao ham v (x) =0 tai di€ém x va
c6 ham s0 nguge X = @(y) hén tuc tai diém y trong ung thi tai

diém y tuong img 4y ham sd x = @(y)cd dao ham nguoc tinh

theo cong thirc x (y) = ——.
y (X)
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Chumg minh.
. AX I . . AX 1
Tacdh —=— nénsuyra lim—=
Ay Ay av=0 Ay T Ay
— ' im-—
AX a0 Ax
& X )=—
y (%)

Vi du. Cho ham sb y = arcsinx, tinh y .
Ham so y = arcsinx. x €(-1; 1) ¢ ham so ngugc 1a ham s6 x
. T T ~ N , ; \ 5 \
=siny ( — 5 <y< 5 ) nén theo cong thire tinh dao ham cda ham
sO nguoc ta co:

1 1 1 1

y()=——= = =
x (y) cosy \ﬁ—sinzy J1-x*

3.4. Pao ham cia biéu thirc lup thira mii va phwong phdp

logarit hoa

Gia sir ta phai tinh dao ham cia ham s6 y = u", trong d6 u
= u(x), v = v(x) 1 cac ham s c6 dao ham va u(x) > 0. Pé tinh
dao ham cia ham s y = u’ ta 4p dung moét trong hai phurong

phép sau:
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Phwong phap 1.

Taco y=e™ =™ =c™, 4p dung cach tinh dao ham ciia
ham s6 hop ta co:

y =(™) =(vinu)e"™ =u" (vinu+ ﬂ)
u

Phwong phap 2.
Lay logarit co sd e ctiay = u" ta duoc:

Iny = vinu
(2.1.2)

Pao ham hai vé cua (2.1.2) theo bién x ta co:

: u
=vinu+v—

y
Y u

e : : u ., u
Tudiaysuyray sy(vinu+v—)=u'(vinu+v—).
u u

Vi dy 1. Tinh dao ham ctia ham sé y = x*. x > 0.
Taco y=x"=e™.suyra

y =(™) = (xInx)e™ =x*(Inx +1).

Vi du 2. Tinh dao ham cia ham sb y = (1+x2)"™

Ta ¢6 Iny = sinx.In(1+x%)
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= (Iny) = [sinx.In(1+x%)]

y 3, 2XSInX
- — =cosx.In(1+x°)+ 3
j—

2

: 5. 2Xsi
y = y(cosx.ln( Hx7)+ xsmx]

2xsinxj
’ 1+x2

(l+x‘] (cos><.ln(]+ X )+ "
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§2. Vi phan ciia ham sé mot bién

1. Khai niém vi phan va lién hé véi dao ham
L.1. Khadi niém kha vi va vi phin

Cho ham sb y = f{(x) xac dinh va lién tuc trong khoang X cR.
Nhu ta di biét, néu f{x) lhén tuc tai diém x,e X thi sO gid
Ay = f(x, + Ax) —f(x,) 12 mot vo cung bé khi Ax — 0.

Pinh nghia. Ham s6 f(x) duoc goi la kha vi tai diém x, néu ton tai
36 thuc k sao cho Af(x,)la mdt VCB tuong dwong vai k. Ax khi
Ax >0, tocla:

Af(x,) = k.Ax + 0(Ax) (2.2.1)

Tich s k. Ax trong biéu thirc trén dugce goi 1a vi phan cita ham

s0 f(x) tai diém x, va duge ki hiéu la dy hodc df(xp).
Vay, ta c6 df(xg) = k. Ax
Vi du. Xét ham sd flx)= X’ . tai diém x, bét ky ta cé:
Af(x,) = (x4 + AX)' —x; = 3x2AX +3x, (Ax)? +(Ax)’ = 3xAX + 0(Ax)

Theo dinh nghia f{x) kha vi tai x, va df{xg) = 3x;Ax .
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1.2, Lién hé voi dao ham
Pinh li. Ham sb f(x) c¢6 vi phan tai diém x, khi va chi khi n
c6 dao ham tai diém d6. Khi d6 hang sé k trong biéu thuc
(2.2.1) chinh la dao ham cira ham s f(x) tai diém dé, tic la:
df(x,) = f (xg). Ax (2.2.2)

Chirng minh.

Gia str ham s6 f(x) kha vi tai diém x,, tirc 12 ton tai hing
s6 k sao cho biéu thirc (2.2.1) thoa man. Chia hai vé cua
(2.2.1) cho Ax ta dugc:

AfCxy) _ |, 0(Ax)
Ax AX
Tir day suy ra lim 200 _ 4 im X8 _ k40 = k. Didu nay
Ax—{ AX Ax—0 AX

chitng t6 f{x) ¢ dao ham tai diém X, va f(xg) = k.
Nguoc lai, gia sit f(x) c6 dao ham tai diém x,, tirc 14 ton tai

gid1 han hiru han

. Af(xy)
Iim
Ax —0 Ax

=f‘(x0)

Khi dd ta co ﬁf{o—) = f (x,) + a(Ax), trong d6 a(Ax)1a mot VCB
X

khi Ax > 0.
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Suy ra zAf(x,) =f (x,).Ax + Ax.a(Ax). Do a(Ax) -0 Kkhi
Ax - 0 nén Ax.a(Ax) cing l1a mot VCB khi Ax — 0. Vay theo
dinh nghia, ham s6 [{(x) kha vi tai diém x, va df{xg) = £(x,). AX .
Chui v, Xét ham s6 f{x) = x, khi d6 ta ¢6 dfix) = dx = (x).Ax = AX .
Suy ra dx = Ax , thay vao biéu thire (2.2.2) ta duoc:

dfixy) = £(xo).dx
(2.2.3)

Vidu 1. Cho f{x) = sinx + 2x thi df{x) = (2 + cosx)dx
Vidu /. Cho fix)=xe" thi dfix) = (x + 1)e'dx.
1.3. Y nghia hinh hoc cia vi phin
Cho dudng cong (C) ¢6 phuong
trinh y = f(x). Trén (C) liy diém
M(x: y), ké tiép tuyén véi duong
cong (C) tai diém éy. Cho x bién
d6i mét hrong Ax , khi d6 tung

dd y trén dudmg cong cd sO gia

tuong Ung la Ay = AN va tung

A A (4 4 , A . X
dd y trén Uiép tuyén co sd gia o X x+ AX

tuong tmg 1a AP. Goi a 1a goc
gira MT va MA. xét tam giac
vuong AMP ta cé
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AP = AM. tga = f (xg). Ax = df(x).

Vay, vi phdn cria ham sé f{x) tai diém x, ding bang s6 gia ctia
tung do y trén tiép tuyén v6i diwong cong 'y = fx) tai diém c6

hoanh do x,,.
2. Ung dung ciia vi phan vao phép tinh gin ding

Tu y nghia hinh hoc cua vi phén ta nhan thﬁy tai diém x, nao
d6 ¢6 sb gia dbi sb Ax . sb gia trong tmg clia ham sb 1aAf(x, ), vi
phén cta ham sé tai diém d6 1a df{x) thi khi Ax c6 gia tri tuyét ddi
nhé thi sur sai khac gitra df{xo) va Af(x, ) 12 khong déng ké, tirc la:

Af(x,) ~ dfixo). (2.24)
do Af(x,) = f(x, + Ax) - f(x, ), dfix) = f (Xo) Ax nén thay vao biéu
thire (2.2.4) ta co:
f(x, + Ax) -f{x,) = f(x,)Ax
o f(x, + Ax) = f(x, )+ (x,)Ax (2.2.5)

Vidy 1. Tinh gan dang 2*%

Pat f{x) = 2" thi f(x) = 2"In2, chon xy =3, Ax =-0,02 thi 4p
dung cong thirc (2.2.5) ta co:

228 22° 2%0,02 n2 =8 -0,02 x8 «0,6831 = 7.889
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Vidy 2. Tinh gin diing sin31°
Pat f{x) = sinx thi f(x) = cosx

n

thi ap dung cong thuc
180 ap aung cong

Chan0=30°= g, Ax=1"=

(2.2.5) ta co:

sin31%= sin(E + L) ~sinZ +cos =
6 180
0,514834
3. Cac phép tinh vi phan
Binh li. Néu cac ham sé u = u(x) va v = v(x) kha vi tai diém x thi
tai diém dé ta cé:
1. d(u + v)=du + dv;

ii.  d(ku)=kdu (k 1a hang sd bat ki);

1l d(uv) = udv + vdu;
v, d[gj = M (v =0).
v v
Chirng minh

Ta chimg minh cong thire iii) cac truomg hgp con lai chimg
minh tuong tr.

Ta c6 d(uv) = (uv) dx = (uv + uv )dx = v(u dx) + u(v dx) =
udv + vdu.
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§3. Pao ham va vi phén cdp cao - Cong thirc Taylor

1. Pao ham c'flp cao
Dinh nghia. Nhu ta da biét, néu ham sb y = f(x) c¢6 dao ham la
f'(x) thi néi chung f (x) ciing 1a ham sb cua bién sb x va ta
goi n6 1a dao ham cip mot. Dao ham caa ham sb nay (nghia la
dao ham cia dao ham cdp 1) duge goi 1 dao ham cap hai cia
ham s6 f(x), ki hiéu 14 £ (x). Theo dinh nghia ta c6 f (x)=
(f o)

Tuong tu. dao ham cua dao ham cép hai dugc goi 1a dao ham

cp 3, ki hiéu " (x).

-Dao ham cua dao ham cﬁp 3 dugc got la dao ham cép 4, ki
hiéula £ (x).

Téng quat. dao ham cua dao ham cép (n -1) duge goi la

dao ham cdp n cta ham s fix). Ki hiéu 1a f7(x) va f®(x)=
(Fov ) .
Vi du.

o f(x)=c¢"thi f(x)=¢", f x)=c".....fPx)=¢".
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e fix) = x* thh fx= o', {f®=

3

Ao -Dx* L7 (%) = a(a-1)..(a-n+1)x*”

{ny B N '
Dic bidt a=-1 thi [l] _¢h'nt

n-l|

X

X
2. Vi phin cép cao
Pinh nghia. Vi phan ciia ham sé v = f{x) ta df(x) néi chung la
ham s cta bién sé x va duoc g0i la vi phan cdp 1 clha ham 50
f(x). Vi phdn cta ham $6 nay (tire 12 vi phan cta vi phan cép 1)
dwoc goi 1a vi phan cp 2. ki hicu 1a d*f(x) .

Theo dinh nghia ta co:

d*f(x) = d(df(x)) = (" (x)dx ) dx = £ (x)(dx)’ = " (x)dx’

Turong tur, vi phan cuia vi phin cap 2 duge goi la vi phan
cép 3. ki hiéu 13 d*f(x).

Tong quat, vi phan cta vi phan c¢dp (n -1) duge goi la vi
phan c¢ép n coa ham s6 f(x), ki hidu 1a d"f(x) va d"f(x) = d(d"
'"x)) = £ (x)dx".

Vidu f(x)=x" 1 1thi d*f(x) = f (x)dx" = 6dx°
3. Cong thire Taylor
3.1. Dinh Ii. Gia sir ham s f(x) ¢6 dao ham tdi cip (n + 1)

trong mot lan cdn V cda diém xg, khi dé v&i moi xe V ta co:
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(&, 0y, “‘“( (%)

(X-X%,)" +
'(2.3.1)

f00)= £, )+ (%, )(x- X )+ —(x-X,)" + R, (%)

t‘nnl)(c)
(n+1)!

trong dé Ry(x) = (x-X,)"" vOi ¢ ndm gilta X, va x.

Ta cong nhdn dinh li va khong chitng minh.

Cong thire (2.3.1) duoce goi 1a cong thire khai trién Tarlor
cép n cia ham sd f(x) & lan cén cua diém x,. R,(x) duoc goi la

phan du cua cong thire khai trién (2.3.1).

Trong trudng hop x, = 0 thi cong thace (2.3.1) ¢d dang:

- " m)
f(x):f(())+&x+wx"+...+f (O)\( +R, (x).
I 2! n!
(2.3.2)
. t(l\ |]( ) o . 5 . .
trong do R, (x) = )l x""" vl ¢ ndm gitta 0 va x.
(n+1

Cong thuce (2.3.2) dugce goi la cdng thirc Maclaurin

Vidu . Viét cong thirc Tarlor cip 3 clia ham s f{x) = ¢* & lan can

diémeZ—l.
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Taco f™(x)=e* vn=1,23,.nénsuyra f-1)= L
¢
=1.2,3,.
Cong thirc can tim la;

\

1 1 , 1 , ef 1 s
¢ =—+—-X+D+—X+]D) +—(x+1) +—(x+1)",vi1c
e e( ) 2!6( ) 3!6( ) 4!( )
nam gita -1 va x

Vi du 2. Khai trién da thirc f(x) =x’ -2x*+ 3x + 5 theo cac Iuy thira
cua (x - 2)

Ta co:

f[x)=x" -2x*+3x+5 =  f2)=11

£(x)=3x"—4x + 3 = £(2)="7
f'(x)=6x—4 = ') =8
£7(x) =6 = £7(2) =6
f%x)=0 = £f92)=0

Cong thirc can tim c6 dang:

f(x)=1 1+7(x—2)+—28—'(x—2)2 +3é'(x-2)3 =114 7(x=2)+4x—2)* +(x-2Y
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3.2. Cong thirc Maclaurin ciia mt sé ham so cip co bin
o f(x)=¢e"taco f(0)=1,
fYx)=e*vn=1,23,.= f"0)=1 vn=1,2,3,.

2 3 n ¢ n+l

N X X X" X e X
suyra: e =l+—+—+—+..+t—+ .
o2t 3 n (m+1)!

vai C
nam gita 0 va x.

e f(x)=In(1+ x)tacdf(0)=0.

P00 = (1 v =123 = 170) = ()7
-, vn=1.2,3..

suy ra

n(t+0 =x- 2 " 3 =D n +Ch (n+1)

véi ¢ nam gifta 0 va x

3 ) nl2n-1 SIn| € +
X X (-1 'x
® sinx=X-—+——...+ +
3 s1 (Cn-1)! (2n +3)!

(2n+3)n NI
2

voi ¢ nam gitra 0 va x

Cn+2)t | 0.
; o, cos|cH—— |X
X~ X -D"x" 2
e cosx=]l-—+——..+ +
21 41 (2n)! Cn+2)!

vdi ¢ nam giira 0 va x.
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3.3. Ung dung vao tinh gin ding
Vidu /. Tinh gén ding s e.

Ap dung cong thire Maclaurin ciia ham e véi x = 1 ta co:

I 1 1 e’ ..
e=l+l+—+- +. . +—+ .voic e (0;1).
2t 3! n' (n+1)!
_ 11 ] e . 4 ¢
suyraexl+l+—+—+._.+--.Vv0isaisod 6= <
20 3¢ n! (n+1)!
[ -
e 3
<

_("1-1 +1)! \ _(_n+I)!‘

J < 1 7~ - A
Lay n = § thi e:l+1+i+—+.>.+i=2.71828 vOl1 sa1 SO
20 3! 8!

-~

§< <107,
9!
Vidu 2. Tinh gin ding sin40° voi sai s6 5 < 107

3G

3 oo 0.69813-0,0567H0,00138<0.6428
! J.

/2_7E]}‘

7!

sind(f :sin% ~

¢y

N

v3i sai SO 8 < <107*.
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§4. Quy tic Lopitan

Quy tic Lopitan cho phép ta sa dung dao ham dé khir cac

A 4 0 . . . DX
dang vé dinh dang o va 2 khi tinh gidi han cua ham s0.
o0

1. Pinh L.
(3ia s cac ham s6 u(x) va v(x) thoa min cac diéu kién:

1. Gigi han llmEQ c6 dang vo dinh o hodc 2 e 1a ca
1 y(X) 0 o

hai ham s6 u(x) va v(x) cung cé gidi han 0 hoac cung co gidi

han vé han khi x —»a.

Ll
. Ton tai gid1 han lim
\ \ \)\)

(huu han hodc vo han).

Khi do ta ¢o: im 2 = i LX)
- UG Y0

Vidu I Tinh giéi han A =1lim
=0 X -sinx

Gidi han nay co6 dang % nén ap dung quy tac Lopitan ta co:
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.o tgx - t
A:llmggx.X =lim ___(gx x)
¥=0 X -5inX e (x -sinx)’

|

-1

im SOSTX i l-cos‘x) — lim l+(:osx_2
x>0 l.cosx 0 (]-cosx)cos’X 0 cos’x
2% -1
Vidu 2. Tinh gidi han B =lim
\=0 5in3x
2' -1 1) im 2'In2  In2

Tacoé B=I1im =lim -
=05in3x 0 (smgx) o 3cos3x 3

AN

Vidy 3. Tinh giéi han C = lim <.

AR £ o o X.
P oL L, 2 A - x
Gidi han ¢6 dang — nén dp dung quy tic Lopitan ta co:
e &}

C=lim S = tim &~ fim &
N ven y Nt (X) N 1

Chit y. Truomg hop 1im %) knong tn tai ta khéng c6 két luan

X—a y (X)
u(x) u(x)
gi vé gidi han lim—==, trong trudng hop nay gi6i han lim ——
=2 y(X) x2a v(x)

van ¢4 thé ton tai hodc khong.
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. o b e . sInx + , -
Vi du. Xét gi6t han lim 22X X g dang iy
= X w
o (sinx + X)) R . )
Ta thay T =1+ cosx khong co gidi han khi x > w0,
X
n !
trong khi d6 lim SInx FX _ llm[l + 1 smxj =1 (do — > 0 vasinx
\—or x DY, X X

1a ham bi chan).
2. Cac dang vo dinh Khac
2.1. Dang vé dinh 0.0
Dang v6 dinh 0. la dang giéi han 1\qu u(x).v(x), trong do

ham sb u(x) co gidi han 0, v(x) ¢ gidi han <. Trong truong hop

ndy ta bién doi nhu sau:

‘(X)

limu(x).v(x) = lim ( ) (da ng — )hoac 11m u(x).v(x)=lim

-4 Ny ( ) \—nu

(dang =),
d:.

Vidyu. Tinh 2idi han D = lim xInx

-0’

, : . Inx .
Tacd D= lim xlnx = lim — = ~=—limx =0
v—0' =0ty AN T Yy 07
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2.2. Dang vo dinh © - «©
Dang v dinh « — o la dang giéi han ]im[u(x) - v(x)] . trong d6

u(x) va v(x) 12 hai ham sb cing dau va cing ¢ gi6i han .
Trong trrdmg hop nay ta bién déi nhur sau:

1 1

Ilm[u(x v(\()]~11m{ 1( ! ]—]' M(dﬁmg%)
u \—ra

«—>a X) v (X) 1

u(x).v(x)

Chii y. Trong trudng hop u(x) va v(x) 1a cac phan thirc vai miu

sO ¢o gidi han 0 khi x —a thi ta dé dang bién ddi gioi han da

cho vé dang % bang cach quy déng mau sb.

Vidu. Tinh gidi han E = llm[L - —1—]

o

x-1 Inx
Tacéd
E= nm[_x_ : _1_] i XX e x )
=il x-1 Inx = (x - Dinx A [(x-l)lnx]
~lin} l =] 1 (Inx) —li”]ll xq _%
nx +1- . [lnx+1- ] + 5
X X x°
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2.3. Cdc dang vé dinh 0°,1° ="

Cac dang vo dinh 0°.17.%" xuat hién khi ta tinh pg}[u(x)]“*’.
trong do u = u(x) > 0, va v(x):
- Néuu - 1.v - o khi x > a thi c6dang 1”

- Néuu > 0.v > 0khi x - a thi lim[u(x)]"™ c6 dang 0°

A 1
- Néuu — o, v -> 0khi x > a thi tim[ux)]* ¢ dang «°
X—2
Khi gap gidi han ¢o cc dang trén ta lam nhu sau:
Pit y = u', sau do logarit co s6 e ham y = u* ta duoc:

Iny = v.Inu = lim(lny) = lim(v.Inu)

= 1nQim y J= lim(v.Inu)
\—a \—a
. . N lnn (v Iy .
= limy =limu’ =¢e**> = exp(lim(v.Inu)
\—a A—a X—a
Vay ta co:

. lim [\(x) Imi(vy
- (Y] .
hm[u(x)]\ V=g

Vidy I. Tinh gi6i han G = lim(cosx)™*, (Gidi han c6 dang 17).

(9 lim [\-(\) lnu(v)]
=g~

Ap dung cong thire lim[u(x)] acod
X—2
- . 13y hm cotg* ¥ In(cosx ) .
G= llrrg(cosx)COIE t = -, véi
«—
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J= lirrnxcotgzx.ln(cosx) = lim cotg?x.In(cosx)

. _In{cosx) . - 1gx
=lmg ( . ):[m} g
(& = n—{)
tgx 21X, - —5—
coS X
] L
. -CO8X 1 . . ot -
= lim——— = -— . Vay G = lim(cosx )™= ¢ 2,
\—o0 2 2 A0

l
Vidu 2. Tinh giéi han H = lim x* . (Gidi han cd dang «°).

\N—4

\ / Inn [+ () Inugy
Ap dung cong thire limfu(x)]* = Qo]

aco
| Inx
i him J
H=lmx" =e" " =¢e,
|
. o Inx ] R ] 0.
vél J=lim —=1im—-=0.Vay H= lim x* =¢ = 1.
X D+ X X rioo X A X4

Vidu 3. Tinh gidihan [ = lim XY , (Gidi han ¢6 dang 0°).

x "
R f TSRS |
Tacd 1=1lim x> =e =e,
N
Inx ! -x*
voi J = lim x’Inx = lim — = lim = lim—-=0.
Nk =0 x T o0t 22 x—0"

Vay 1 = limx¥ =¢"=1.

A 07
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§5. Sir dung d20 ham trong phan tich kinh té

1. Y nghia ciia dao ham trong kinh té
1.1. Pgo hiam va gid tri c@n bién trong kinh 16

Xét mé hinh ham sb y = f(x), trong dé x. y 1a cac bién sb
kinh té (ta coi bién doc lap x 1a bién s6 déu vao va bién phu
thudc y 12 bién s6 dau ra). Trong kinh 1é hoc ngudi ta quan tam
dén xu hudng bién thién cua bién phu thudc y tai mot diém x,
khi bién doc ap x thay dbi mét lugng nhéd. Chang han, khi xét
ma hinh ham san xudt Q = f(L) ngudi ta thuéong quan tam dén
s6 lrong san pham tang thém khi str dung thém maét don vi lao

dong.

Theo dinh nghia dao ham:

. , {1 Ax) -
£(x) = lim 2 = lig 10 FA0 = 1X0)
Av—0 Ax Ax—0 AX

nén khi ax ¢6 gia tri tuyét déi nho thi ta co:

A_y B f(x, +AX)—f(x,)
Ax Ax

zf'(xo)

= Ay = f(x, + AX) — f(x,) = f (x,).Ax

Trudng Cao ddng héa chéit 69



TOAN CAO CAP

Khi Ax =1 tacd Ay = { (x,). Nhu vdy, dao ham f (x,)cua
ham sd y = f(x) biéu dién xdp xi luong thay ddi gi4 tri cta bién
phu thude y khi bién s6 x tang thém mét don vi.

Khi xét md hinh ham y = f(x) biéu dién anh hudng cua
bién sb kinh té x ddi vai bién sb kinh té y, cac nha kinh té goi
f'(x,) la gia tri y cn bién clia x tai diém x,,.

D1 voi mbi ham kinh té, gia tr cin bién co tén goi cu thé
nhu sau:

- Ham san xuat Q = f(L) thi f(L,) duoc goi la san pham
hién vt can bién cua lao dong
tai diém L, va duoc ki hiéu 1a MPP,.

MPP; = '(L,)

Y nghia cia MPP,. Tai mdi diém L, MPP, cho biét xdp xi
lugng san pham hién vat gia tang khi sir dung thém mot don
vi lao dong.

- Ham doanh thu TR = TR(Q) thi TR (Q,)dugc goi la

doanh thu can bién tai diém Qg va dugce ki hiéu la MR.

MR = TR'(Q,)
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Y nghia cia MR. Tai mdi muc san lugng Q, MR cho biét x4p
xi luong doanh thu ting thém khi san xuét thém mot don vi

san pham.
Déi v&i doanh nghiép canh tranh ta ¢6 TR = pQ nén MR =
p (p 12 gi4 san pham trén thi truomg).
- Ham chi phi TC = TC(Q) thi TC (Q,) dugc goi la chi phi
cén bién tai diém Q, va dugc ki hi¢u 1a MC.
MC = TC(Q,)
Y nghia cua MC. Tai mdi mic san lugng Q. MC cho biét xdp

xi lwong chi phi tang thém khi san xudt thém mot don vi san

phém.
- Ham tiéu dung C = C(Y) thi C(Y,) dugc goi la xu
hudng tiéu dung cin bién va duoc ki hiéu 1a MPC.
MPC = C(Y,)

Y nghia ciia MPC. Tai mdi muc thu nhap Y, MPC la s6 do xép

Xi lugng ti€u dung gia tang khi ngudi ta ¢6 thém $1 thu nhap.

Vi du. Gia str ham san xuét ciia mét doanh nghiép 1a Q = 5VL .
O mite sir dung Ly = 100 don vi lao dong (chiang han 100 gidy
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lao dong mot tuan). mirc san lugng tuong Gng la Q = 50 san
pham. Khi d6 san phdm cén bién cua lao dong tai diém L, =
100 1a:

MPP, = Q'(L“):QS -3 025

JLo 24100

Diéu nay ¢6 nghia Ia khi tang mire str dung lao dong hang
tudn tr 100 lén 101 thi san lwong hang tan s& ting thém

khoang 0.25 don vi hién vit.
1.2. Pao hiam cip hai va quy ludt loi ich cin bién giam din

Xét md hinh ham y = f(x). trong do y la bién sd biéu dién
loi ich kinh té (chiang han nhu thu nhdp, luong san pham,
doanh thu, loi nhuan,..) va x la bién s6 mo ta yéu t6 dem lai lgi
ich v. Quy luat lgi ich c4n bién giam din noi rang khi x cang
16n thi gia tri y - c4n bién cang nhd, tirc [a hAm My = f(x) la
ham don diéu giam. Dudi géc do toan hoc. diéu kién can dé

My giam dan theo x 1
(My) =f (x)<0

Vi dy. Ham san xuét ngz‘ln han dugc uéce lugng dudi dang Q =
AL", (A va ala cac hang s6 duong) thi quy luat loi ich cén
bién giam dan doi hoi:
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Q =a(e-HAI' <0 a<l.
2. Tinh hé s6 co dan ciia cung va ciu theo gia

Mot van dé duoc quan tim trong kinh té 1a phan g cia
cung va cau dbi voi su bién dong gid ca trén thi truong. Vi
pid thiét cac yéu td khac khong thay déi. su phu thude cua
lwgng ciu Qq vao gia p duge biéu dién béng ham cau Q, —
D(p). trong do bién s p duoc do bang don vi tién té con bién

) Q duoc do bfmg don vi hién vat.

Néu goi AQ, la mirc thay ddi lwong cau khi gia thay doi
mét don vi thi ¥ nghia ctia con sd dé con phu thudc vao don vi
do. Hom nita. ddi voi cac hang hoa khiac nhau thi sir thay doi
gia thém $1 mang v nghia khac nhau. Chang han, néu gia mot
chiéc 6 to tang thém $1 thi ¢ thé xem nhur gid 8 td khong thay
déi. trong khi do néu gia ctia mot kg ¢a phé tang thém $1 thi
chic hin d6 s& 1a mot bién dong 1on trén thi trurong ca phé. Dé
danh gia d6 nhay cam cia cau hang hoa déi véi sur bién dong

gia cd, cic nha kinh € sir dung khai ni¢m hé so co dan.

H¢ s6 co dan cua cau theo gia (tinh ¢ mdi mac gia) la so

do murc thay ddi phan tram cta luong cau khi gid tang 1%.
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Tai mure gia p, néu gid thay ddi mét luong Ap thi lugng
cau thay d6i tuong ung médt lugng AQ,. Muc phén tram thay

d6i ciia luwgng cau tinh binh quan cho 1% thay d6i gia la:

__8Q/Q, _AQ, p _AD(p) p

App Ap Q;  Ap D(p)
Chuyén qua giGi han khi Ap — 0 ta duoc cong thire tinh

h¢ s6 co dan cua cau theo gia tai diém p la:

e=lim 2P0 Py P
a-0 Ap D(p) D(p)

Tuong tu, hé sé co din cia cung theo gia 1a s do mirc
thay phan trim cua luong cung khi gia tang 1%. Néu biét ham
cung Q, = S(p) thi h¢ s6 co din cua cung theo gia dugce tinh

thco cong thirce:

Vi du. Néu ham cu 14 Q = 1400 — p” thi hé sb co dan tai diém p
la:

Dy P (1400-p*)p  -2p’
D)  1400-p° 1400 — p*
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Tai diém p = 20 ta c6 £ = -0.8, cO nghia 14 tai mic gid p =

20, néu gi4 ting 1% thi cau s& giam khoéang 0,8%.
3. Quan hé gitta ham binh quéan va ham cin bién

Trong kinh t& nguoi ta ding ham chi phi biéu dién tong chi

phi TC & mdi mdec san luong Q:
TC =TC(Q)

Khi phan tich san xuat, cung véi ham chi phi, nguoi ta con

str dung ham chi phi binh quan va ham cbi phi cin bién.

O mdi mirc san luong Q, chi phi binh quén la lwong chi phi

tinh binh quan trén mét don vi san pham:

ac T
Q

Chi phi can bién tai mai muc san lrong Q 1a s6 do xép Xi
lwgng chi phi gia tang khi san xut thém mot don vi san phim,

Ham chi phi can bién MC la dao ham ctia téng chi phi:

MC = TC (Q)
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Ta co

SRR (o1(o) SU R
T_C(g)] _TCQQ-TCQ) _ Q _MC-AC
Q Q’ Q Q

AC(Q) = (

Do Q > 0 nén diu clia AC (Q) nhur dau cia MC — AC, tir d6 suy
ra:
e NéuMC > AC thi AC (Q) > 0. tirc 1a khi chi phi cén bién
1én hon chi phi binh quéin thi chi phi binh quan tang.

e NéuMC < AC thi AC(Q) <0, tirc 1a khi chi phi can bién
nho hon chi phi binh quan thi chi phi binh quin gidm.

e Néu MC = AC thi AC(Q) =0, tirc 1 chi phi binh quén
chi ¢6 thé dat cuc tiéu tai diém ma chi phi binh quén bang

chi phi cén bién

Trén hinh vé, AC la dudmg chi phi v MC

binh quan, MC la duong chi phi AC
can bién. Puomg MC cit dudng
AC tai diém c6 hoanh do Q. Vé
phia Q > Q, ta thiy MC > AC. do
d6 AC ting. V& phia Q < Qp ta  ° Q
thay MC < AC, do d6 AC giam.

=\
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Tuong tu, doanh thu binh quian AR(Q)= %@ va doanh
thu cdn biétn MR(Q) = TR (Q) lién hé vdi nhau nhu sau:

e Néu MR > AR thi AR (Q)> 0. tire 12 khi doanh thu can

bién 16n hon doanh thu binh quin thi doanh thu binh quan

tang

e Néu MR < AR thi AR (Q)< 0. titc 1a khi doanh thu can

bién nho hon doanh thu binh quin thi doanh thu binh

quén giam.

e MR = AR khi va chi khi AR (Q)=0. tic 1a doanh thu
binh quan chi ¢o thé dat cuc dai tai diém ma doanh thu

can bién bang doanh thu binh quan.
4. Sir lyra chon t6i wru trong kinh té

Trong linh vuc hoat dong kinh té viée ra quyét dinh gin lién
voi toi wu hoa mot ham muc tidu y = f(x), do do bai toan dit ra la
lva chon x dé v dat gia tri cuc dai hodc gia tr1 cuc tidu. Pdi vai
mét doanh nghiép san xuat, muc tiéu thuong dat ra 12 téi wu hoa

lot nhuan.
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4.1. Chon mikc sin leong t6i uu

Gia sir doanh nghiép c¢6 ham téng chi phi TC(Q) va ham
tong doanh thu TR(Q). T(:)ng loi nhuin cua doanh nghiép la
ham s = = TR(Q) - TC(Q).

Bai todn dat ra la chon muc san lugng Qg dé thu lgi nhudn

t6i da. Diéu kién cin dé n dat cuc dai tai diém Qg la:
7 =TR(Q)-TC(Q)=0 e TR (Q)=TC (Q) = MR = MC

tae la diéu kién can dé doanh nghiép dat loi nhuan téi da la

doanh thu can bién bang chi phi can bién.
Tai diém ma MR = MC. diéu kién du dé = dat cuc dai la:
1 =TR(Q)-TC(Q)< 0 < TR (Q) < TC (Q)

Vi du. Gia st TR = 14000 - 7.5Q% va TC = Q* - 6Q° + 140Q +
750. ta ¢o:

MR — 1400 — 15Q. MC = 3Q" - 12Q + 140.
Dicu kicén can dé dat loi nhuan tdi da 1a:

MR =MC < 1400 - 15Q =3Q* - 12Q + 140 & Q*+ Q -420 =
0

< Q=20hodc Q=-21(loai do Q > 0)
Tai diém Q = 20 ta c6:
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TR (Q)=MR =-15,TC (Q)=MC =6Q-12=108. do dé
di¢u kién da TR'(Q) < TC'(Q) thoa man nén mirc san luong toi
ru 1a Qg = 20. Khi dé loi nhuan tdi da doanh nghiép dat duoc la
n=-20° - 1,520° + 126020 — 750 = 15830.

4.2. Lura chon toi wu mirc sir dung yéu 16 diau vao

Xét trrong hop doanh nghiép canh tranh tién hanh san xuét
vGi ham san xudt ngan han Q = f(L). trong difu kién gia san
pham trén thi truomg 14 p va gia lao dong (tién cong) 1a w. Khi do
téng loi nhuan 14 ham s cda bién s6 1. (lugng lao dong duogce sur
dung):

= pf(L) — wL — Cy (Cy 12 chi phi ¢ dinh)

Bai todn dit ra la chon 1, dé n dat cuc dai. Diéu kién can dé thu
loi nhudn tdidala n° = pf(l.)—w=0 < pf (L) =w < p.MPP,
=W

Nhu vay. diéu kién can dé dat loi nhugn i da 12 gid tr bang
tién ctia san pham hién vit cin bién cua lao dong bang gid lao
dong.

Tai diém L, ma diéu kién cin da duoc thoa man. diéu kién

da dé dat 1oi nhuan tdi da 1a;

1 =pfLe)<0 e £ (Ly) <O0.
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Theo quyv ludt lot ich cdn bién giam dan thi san pham hién
Vit can bién ciia lao dong giam dan khi L tang, do d6 Q" = f'(L)
< 0. ture dicu kién du thoa man.
Vi du. (51a st doanh nghiép canh tranh cé ham san Xuét ngén han
Q =501 . gia san pham 1a $4 va gid lao dong $3. Dieu kién can

dé doanh nghiép dat loi nhudn t6i da la:

5
4 MPP, = § & 4,22 = 55 L = 400
L
N
Dicu kién du thoa min vi Q (400) < 0.

Vay dé dat loi nhuan téi da thi doanh nghiép phai str dung
400 don vi lao dong.
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Bai tap chwong 2

. Tinh dao ham cua cac ham s6 sau:

\_l_\/;
S PV

y=tg X _cote
. S g

22
s X

©
<
I

2
SInx

e y=In(x+vl+x’) g y=c¢ .Insinx

b | %

Ly = xi Ly=e k. y = (sinx)'

2. Tim vi phéan cua céc ham s6 sau:

4.y = : b. y= ;arctg )_f c.v= ]n‘x + \/:T:i‘
X S D
.v:ln]&x e. v = arcsin~ g Y= e
’ 1+ x i 3 T =
. Tinh gén dung gia tri ciia cac biéu thirc sau:
. sin29° b. 10.98 c. 2%

. Tinh dao ham cap hai coa ham so :

Iy b ve >~ . )

Ly =xvl+xo S C. ¥y =(1+x")arctgx

X — X"

. Tinh dao ham cép n cia cac ham s6 sau:

. 1

X

LY =Xe b.y=—- c.y=In(ax + b
3 — y =In( )

. St dung quy tac Lépitan tinh cac giéi han sau
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[g]

. 1-cosx b. limm ) 1 1
a. lim — X b . lim| ——

) 1
a0 xsinx In(i+ ) ~iUny x =1
X

: 1 - T : X
d. lim| cotgx —— e. lim| xtgx — lim(1—x)tg —
x 2cosx sl 2

v—0 X Aoy

ac

. . . T |
h. }1_3\ Inx.In(1-x) L {l_.m’l tg2x.tg(z—x) k. leir)lkl)[ln(e+x)]\
4
CUKZ[l ! ]—
I lim(1-x) 2 m. ling(e‘ +x) n. lim(e* +x)°
x 317 x> \ oyt
, ! 2 X
o. linl[.s_l.]:l.)_(.j\— p‘ llnl [_mcth] q l‘i_l;f(')l(] + X‘)Lull_lx
x—0 X X ¥»» TE

7. Tim ham chi phi binh quan va ham chi phi can bién, cho
biét ham téng chi phi la:

a.C=3Q°+9Q*+ 12

b. C =35+ 5Q+2Q* +2Q’°
8. Tim ham doanh thu binh quéan va ham can bién, cho biét ham
tf)ng doanh thu R =10Q — Q2
9. Tim ham l¢i nhuin binh quin va ham lg1 nhuan cin bién,
cho biét ham téng loil nhuan

n=0Q"-13Q + 78

10. Tim ham doanh thu cén bién, cho biét ham ciu ¢6 dang:

a.Q=36-2P

b.Q=44-4P
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I'1. Tim ham chi phi c4n bién cho biét ham chi phi binh quan
AC=15Q+4+ 38
Q

12. Cho ham téng chi phi TC = Q° — 5Q% + 600Q. Hay xéc
dinh mirc san lugng Q dé chi phi binh quan nhé nhat,
13. Cho biét ham tdng chi phi TC va ham tong doanh thu TR.
h3y xac dinh murc san lrong cho 191 nhuan 161 da.

a. TC = Q° — 607 + 140Q + 750; TR = 1400Q - 7.5Q*

b. TC = Q% - 5.5Q* ~ 150Q + 675; TR = 4350Q - 135Q*
14. Cho ham ciu Q =20 — 5P, hiy tim hé s co din ¢ cac muc
giap=2.p=3.
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Chwong 3
NGUYEN HAM - TICH PHAN

§1. Dinh nghia, tinh chat va cic phwong phap

tinh nguyén ham

1. Nguyén ham ciia ham sé
1.1. Khdi niém nguyén ham

Trong chuong nay ta dé cip dén phép toan nguoc cia

phép [dy dao ham va vi phan cta ham sg, ta xét bai toan sau:

Tim tat ca cac ham so ¢6 dao ham 12 mét ham sé6 f(x) cho

trudce.

Pinh nghia. Ham s F(x) duoc goi 1a nguyén ham cia ham )

f(x) trén (a; b) néu ta co:
F (x) = f{x), hay dF(x) = f(x)dx, Vx € (a;b)
Vidu.

e Ham s6 sinx la nguyén ham cua ham sd cosx trén R vi

(sinx) = cosx, vx e R.
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\ I3 ys n X , . 4 2 A N
e [lam sb x” 1a nguyén ham cta ham s6 3x” trén R vi (x”)
=3x%, ¥x e R

1.2. Dang téng qudt ciia nguyén ham
Pinh li. Néu F(x) [a mot nguyén ham cla ham sd f(x) trén (a:
b) thi:

i) Ham sd F(x) + C. v6i C 1a hang sb bit ky ciing 1a
nguyén ham ciia ham s f(x).

i) Neguoc lai. moi nguyén ham cia ham s6 f(x) déu biéu
dién duge dusi dang F(x) + C. véi C 1a hing s bat ky.
Chimg minh

i) Voi C 1a hang sb bat ky. ta c6 [F(x) + C]'=F (x)+ 0 =
f(x) (vi E(x) [a mdt nguyén ham cda ham sé f{x) trén (a: b)). Theo
dinh nghia nguyén ham ta ¢o F(x) + C, véi C la hang s6 bat ky 1a

nguyén ham clia ham s f(x) trén (a: b).

i1) Gia s G(x) cting [ mdt nguyén ham cta ham sd f{x) trén
(a: b), khi d6 ta cé:

[G(x)—F(x)] =G (x) - F'(x) = f(x) - f(x) =0, ¥x e (a;b)

suy ra G(x) — F(x) nhan gia tri khong déi trén (a; b), tirc 1a G(x) —
F(x)=C, vxe(a;b) =>Gx)=F(x) +C, ¥vxe(a:b).
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Pinh nghia. Ta goi F(x) + C la tich ph4n bét dinh cua ham sé
f(x) trén (a; b),

Ki hiéu tich phan bat dinh ctia ham s f(x) la: jf(x)dx,
trong do J 1a diu tich phan, f(x)dx la biéu thire duéi dau tich

phan. f(x) 1a ham s& dudi ddu tich phén, x 14 bién sb 1Ay tich

phén.
Vay ta ¢o: jf(x)dx =Fx)+C.
Vidu.
. Jcosxdx =sinx+C
o [3dx=x"+C
1.3. Cic tinh chét co bin ciia tich phdn bit dinh
i) {[fooax) = fx
i) fF(dx=Fx)+C
iii) j[f(x) + g(x)ldx = J‘f(x)dx + Ig(x)dx

iv) [k.fix)dx = k. [f(x)dx , k 1a héng so.
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1.4. Cac cong thike tich phan co bdan

o~

l. de=x+C 2. Jx"dxz X +C.a#-1
o+1
3. J‘gx-:lnixHC 4, _[ dx) =arctgx + C
X 1+x°
. dx . \ _ 1
5. —/——==arcsinx + C 6. |la‘dx = +C
1-x?2 a‘.Ina
7. _[sinxdx:—cosx +C 8. Jcosxdx=sinx +C
9. de = —cotgx +C 10. _( dx) =tgx+C
sin”x COS™ X
dx X
11. J ‘dx-)_:larctgijLC 12. If:arcsm—+(.
a-+xX  a a \/a‘—x‘ d
13. 14.
| dx LN Lkl e | dx =1nx+Jx?+b{+c
a—-x° 2a |a-x| Vx> +b '

2. Cac phuong phap tinh tich phéan bit dinh
2.1. Phuwong phap phan tich
Dé tinh jf(x)dx ta tim cach phan tich ham sé f(x) dudi dau

tich phan thanh tong dai sé cac ham sb don gian ma tich phan

cua chiing c6 san trong bang cac tich phan co bén.
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Vidu.

d j‘v— d?(— = -ﬂvm —V":()dx= ﬁx-l-l)l:?dx—- J.x' '3dx:2(x+1) ; X +(_

VX X+ 3 3

( dx I X +COS X ¢ odx dx .
* =3 s j - dx J +j_ T = tgx—cotgx+C

sin'xco¥x 7 simx.cosx SIT X

th:xdx:j( 1‘2'—1]d,\':J‘ dx Idx—tgx—x+(

cos X COs™X
2.2. Phuong phdp dbi bién sé

Xét tich phan jf(x)dx. trong dé f(x) 14 ham sd lién tuc. Ta
c6 thé tinh tich phan nay bang cach chuvén sang tich phén véi
bién khac béng cach dat x = (1), trong d6 ¢(t)la ham sd co

dao ham 1ién tuc va ¢6 ham so nguoe.
Ta cod dx = ¢ (t)dt nén suy ra

Jtx)dx = Ii‘[go(t)]zp'(t)dt = Ig(t)dt :

Sau khi tinh tich phan trén theo bién t xong, tir x = (1) ta

rat t theo x roi thay trd fai cong thire duge két qua can tim.

Vidy I. Tinh tich phin [V1-x"dx.
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bat x = sint, t e[—gzg] = dx = costdt va

J1-x2 = \/1 —sin’x = \[COS?X = COSX

Viy
/ : : 1 ] sin2t
jV‘l—X dX:jcos tdlz—f(l+c052t)dt=— t+ +C
2 2 2
= %(t +sint.cost)+C =
1 . g
= E(arcsmx + x\/l — X j+ C.
dx
Vidu 2. Tinh tich phan |—--
(1+X )
it x = [ m.7 X 2 1
Datx—tgt,tet—__ = dx = val+x’=——.
22 cos’t cost
Viy
ds . .
j% = |cos t.dt = 1 I(l + cos2t)ydt = ]—(t + szt]+ C
(I+x7) 2 2 )

l( X ] .
= —| arctgx + - |+ C.
2 1+x°

Vi du 3. Tinh tich phan J

1+sinx
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bt tztgi,ta ¢O X = 2arctgt, dx = 2dt, , Sinx = 2t)
2 ? 1+t
vi | d
"l +sinx
2
:J' 2dt . :-[12(11\:_12 +C=— 2 L C.
. - X
(l+t')[1+ ---—2] (1+9 tt 1+1g
1+t° 2

Chii ¥. Néu biéu thirc dudi dau tich phan f(x)dx ¢6 thé biéu
dién dudi dang f(x)dx = glpx)de(x) thi ta c6 thé dat

t = p(x)dé chuyén sang tinh tich phan cta biéu thie g(t)dt.

Vi du. Tinh tich phan [

l+e”

Taco Je?\dx = je‘.e‘dx = J‘e‘d(e\)« nén datt=¢"

l+e! l+¢° l+et
ta duogc:
j‘_cz‘dx
1+e®
= __t_di: I(I—L]dtzhln\wth:e‘ —In(c* +D)+C
1+t 1+t
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2.3. Plueong phdp tich phén tirng phin
2.3.1. Céng thirc tich phén timg phan

Gid s u = u(x) va v = v(x) la cac ham s& ¢6 ¢ dao ham

lién tuc. khi do ta co:

d(uv) = vdu + udv

= udv=d(uv) - vdu
= _[udv = Id(uv)— _[vdu
= _[udv =uv-— Ivdu (3.1.1)

Cong thire (3.1.1) duoc goi la cong thirc tich phan timg phén.
2.3.2. Ap dung

Pé tinh tich phan _[f(x)dx bing phuong phap tich phan

tirng phan ta cin phai biéu dién biéu thire f(x)dx dudi diu tich

phin dudi dang:
f(x)dx = g(x).[h(x).dx] = udv, trong d6 u = g(x), dv = h(x).dx

sau d6 ap dung céng thirc tich phén timg phan dé tinh.
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Chi y.

e Dbi véi tich phan c6 dang Jx".c“dx, Ix".sinkxdx,
_[x“.coskxdx (n nguyén dvong) ta ap dung cong thic
tich phan timg phan véi u = x". dv la phan con lai cia
biéu thirc dudi dau tich phan.

e Db vai tich phan Jx”.(lnx)“dx( a#-1, n nguyén

duong) ta ap dung cong thire tich phan timg phan véi u

= (Inx)" va dv = x“dx.

e DGi véi tich phan cac tich phan c6 dang [x".arcsinxdx .
Jx "arccosxdx . jx".arclgxdx ta dat dv = x"dx, u la céc
biéu thice con lai.

Vidu ] Tinh tich phan Jx.sinxdx

u=x du = dx . o
Dat . = , thay vao cong thire tich
dv = sinx.dx V = —COSX

phan tirng phén ta cé:

Ix.sinxdx = - xcosx + |cosxdx = -xcosx + sinx + C

Trudng Cao dang hoéa chét 93



TOAN CAO CAP

Vidy 2. Tinh tich phan sz.lnxdx

dx
) u=Inx du = < L o R
bat , * , thay vao ¢ong thuce tich phan
dv =x".dx v
3
tirng phan ta c6:
s x‘Inx | ¢ - x'lnx  x'
Jx Anxdx = - - = J-x dx = -—+C
3 3 3 9

Vi du 3. Tinh tich phan J'x.arctgxdx

dx
u = arctgx du = 2
Dat = 1+ X" thay vao cong thirc tich
dv = x.dx o=
2

phan tirng phan ta co:

xCaretgx 1 opxdx
Jx.arctgxdx = = -
2 2791+x°

_ xCarctgx | ] -
ey

2 1+ x°

x".arctgx |
. - —(x —arctgx)+ C.
> 2( gx)

Vidu 4. Tinh tich phan J.x.tgzxdx
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Dat

{ _ du = dx

u=x
1
d\-:tgzx_dXD v=J‘tgzxdx:I( 7 —ljdx=tgx~x‘ thay
Cos X

vao cong thuc tich phan timg phan ta co:
Jx.tgzxdx

J

= X(1gX — X) — _[(tgx —x)dx = x(tgx —xX) + In cosx\ + x? +C=

J

= xlgx + In|cosx| - % +C.

Chiy. Ap dung cong thire tich phan timg phan ta co:

aw :
e™ (acosbx + bsinbx) .
. Jc‘“cosbx.dx _e — +C
a-+b’
ax :
) e™ (asinbx - bcosbx .
o J‘c‘“smbx.dx _e —— ) +C
a“+b”
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§2. Mgt s6 dang tich phin co ban

1. Tich phan ciaa cic phan thiae hivu ty
L. 1. Tich phin ciia phin thire hiu ty voi mbu sé bic nhat

P(x)

ax +b

Tinh tich phan c6 dang | dx . trong d6 P(x) 1a mot da

thire cua x.a #0.

Ta biéu dién ham sé dudi dau  tich phan
P(x . k
M G+

ax +b ax +

. trong do Q(x) la da thire nhédn dugce qua

phép chia da thuc va k 1a phan dir ctia phép chia. Khi do viée
P(x)

ax+b

tinh tich phdn J' dx dwa vé viée tinh tich phan cia da

thae Q(x) va tich phdn cua phan thie

. Viéc tinh tich
ax+b

phan cua da thirc Q(x) ta ¢o thé dé dang thue hién dugc. con

) A i k .
tich phan cua phan thire - ~— dugc tinh nhu sau:
ax+b

J k.dx = E ln‘ax + b‘ +C
ax+b a
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Vidu.

2%+ 2 4 8 8(2%1)

J-x3+3x x x 13 13 }‘ X x* 13x 13
X= +

. Jg-~2x+3dX:Jr(x-1)-+2 e J{{x et X_E_—x+211+x |+C

x—1 x-1 x—1

L.2. Tich phdn cia phén thice hitu ty véi miu sé bic hai

Tinh tich phan 1= [—— 9 .dx., trong d6 P(x) 14 mot da
X +px+q

thirc cua x.

Bing cach chia da thie ta dua tich phan can tinh vé dang:

I PO (Q() My + N ]dx—jQ(\)de Mx + N

X~ +pX+q X* 4 px + X+ px +q

trong d6 Q(x) 1a mot da thirc ca x, con Mx + N 14 phan du cua

phép chia.

Pé tinh tich phan I de ta bién d6i ham sé dudi
X~ +pX+q

dau tich phan nhir sau:
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M Mp Mp
Mx+N 5 GXEPIFN-TF o ox i) . N-=,
x? +px+q X’ +px +q 2x +px+q) XP+px+g
Sau khi khai trién ta dugc
M M
MeN QHPHN- ’ r M.2xp) N-F
1=~ dx=[2—; 2 dx= P) s [—2—dx=
X" +px+q X +pxtq 2(x +px+q) X +px+q
M ; .
= — Jﬂm +(N - M~E).I, . trong dé
2 Y X 4+px+qg 2
dx
=
X" +px+q
z . , . dx s \
Pé tinh tich phén [, = J~,— ta x¢ét cac truomg hop
X~ +px+gq

sau.

o Tam thikc 6 mdu s6 ¢6 hai nghiém phan biét x, va x;

(A=p° —4g>0}

_( dx L dx ] r(x-x)(qu) 1 IX-X?LC

J +pXx+q (x—x)(x-x) X, - 'r(x-xl)(x X,) x, -X, X=X,
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o Tam thitc & mdu s6 c6 mot nghiém kép x,

(A=p’—4g=0)

l|='{ dx :I dx __ 1 L C

2 3
X~ +px+q (X-%4) X -X,

o Tam thire 6 mdu sé khong cé nghiém (A= p* —4q <0)

]
Il:J > & :j o 2 :I’dxv+cz_arCtg§‘+C
X" +px+q (X_’_p)2+ P " +a” a a
2 ? 4
trong @o
t:x+E.a:q 1_3;_4q—p'_ 0
2 4
, L ) 2x* —3x +2
Vidu . Tinh tich phan [ = J.—%dx
X +X+

32 (2x+] )-2dx
I= —dx X=2X— 5[— x SP
X +x+1 ( X +x+1 X +Xx+l1 X +x+1

5 d(X 5 3
=2X—— w—— J’——(b(—:2x—§]n0('+x+1}+—5~arctg2XT+l+C
27 el 20 1,3 2 B3
2 4
Vi du 2. Tinh tich phan Ii%%dx
X™ =J3X+
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J*x;_sx"_gdx f(l+73 ]dx=x+3j7dx =
X" —-5x+6 X —5x+6 (x -2)(x-3)

+3J‘(x-2)-(x-3)dx
(x-2)(x-3)

X_
=X+ In——
x_

3+C.
2

Vidu 3.

j \dx ‘_[ _ J'd(2x 1?:_ 1 +C
4x —4x +1 (2x - l) (2x-1) 2(2x - 1)
2. Tich phén ciia mt sé biéu thirc chira cin thire

2.1. Truong hop biéu thire ham sé chiva cin cia nhj thiic

bdc nhit

Trong trurong hop ham sé dudi dau tich phéan c6 chira can
thare Vkx + b tadit t =¥kx + b, tir d6 suy ra phép bién ddi lam

mat can:

——t ~b),dx = ~t" 'dt
(t" =b),dx = y

Vi du . Tinh tich phan _[

1+\/(x 1)?

bat t =Y(x-1)’ ,tacox =t + I. dx = 3t’dt. Thay vao tich

phan ta c6:
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j_dx__z
l+{/(x—-l)_2

]dt =3(1—arctgt)+ C =3}/ x — 1 —arctg/x 1)+ C

j3t'd>t 23{1_
I+t 1

2.2. Truwomg hop ham sé dwéi diu tich phan chira cin bic

1
>
+t°

hai cua tam thie bac hai
Trong trudong hop ham s6 dudi dau tich phan ¢d chura can

thire vax® +bx +c¢ ta tim cach bién ddi tam thirc ax® + bx + ¢ vé

mdt trong ba dang sau:

° \/axz+bX+C=\/(kX+l)2+m2 va dat kx + 1= m.tgt, t
( TR
el ——i—|-
22
o Jaxl+bx+c=(kx+1)’—m’ vaditkx+1= -, t

cost
S [O;E].
2

o \/ax2+bx+c:\/m2-(kx+l)3 va dat kx + 1= m.sint, t
Tm
el —=:=1.
-53)
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Vidy 1. Tinh tich phan |

dx
N3-2x - x°

Tacd v3-2x —x2 = J4-(x+1)2 .nén dat x + 1 = 2sint. t

5

(-

R

J ta dugec:

N A

B J-Zcost.dt

=jdt=t+(:=arcsin’*7“+c

I dx :j dx
V3-2x-x>  7J4-(x+1y ° 2eost

Vi du 2. Tinh tich phan j

dx
JE+2x+x7)

Tacd V5+2x+x> =/(x +1)> +4, nén dit x +1="2gt,

m =
te [——;—j ta dugc:
22

2
\/(5+2x+x‘)‘ \/[(XHT) +4} [i ! !
cost
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(x+1)
X +1

tgt
=" +C
41+ tg’t x+1 X2 +2x+5

+C.

3. Tich phan ciia mét sd biéu thire lrong giac

Pé tinh tich phan _[R(sinx;cosx)dx , trong d6 R(sinx; cosx) la

mot ham so hitu ty doi vai sinx va cosx ta lam nhur sau:

Datt:tgi,khidétacésinx= t2,cosx= — . dx=
2 +t +1
2de . thay vao ta duogc:
1+t
2t 1-t) 2dt
IR(SlnX cosx)dx = JR > =
1+ 1412 J1+1t°
, , , n dx
Vi dy. Tinh tich phan J'g
1 + sinx + cosx
- _ 2
Dat t:tgi = sinx = "—thOSX: 1 t2 Ldx = 2dt’ .
2 I+t I+t 1+t

Khi d6 ta duge:
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2dt
dx {+ 12 dt X
= = =Inl +t{+ C = In|l + tg —
J.1+sinx+cosx J‘ 2t +l—t2 J’l+t et !’2
P+ 1+t?

Chu y.
e Néu tich phdn c6 dang _[sin‘“ x.cos" xdx thi ta xét cac
truong hop sau:
- Néu m la s 1¢ thi ta dit t = cosx;

- Néu n 1a sb 1é thi ta dat t = sinx;

+C

- Néu m va n la cac s chan thi ta sir dung cong thirc ha

bac d61 v sinx va cosx.

Vidu 1. Tinh tich phan jsin*x.cos-‘xdx

Dit t = sinx = dt = cosxdx, thay vao tich phan can tinh ta

co:

Ismx cosdx= me (1-smx)cosxd;(j(t -1 )dt-—g —7 +C=

Vidy 2. Tinh tich phdn fsin’x.cos*xdx

§ll’fX er{X

+C
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Ta c6:

. h 1 . 2 2 1 . 3
Jsm‘x.cos" xdx = 5 Jsm“ 2x.cos xdx = 3 sin” 2x.(1 4 cos2x)dx =

) 1 r.
o J-sm"2xdx+—8 sin’2x.cos2xdx —-

| sindx . sin”2x
= +

X — +C.
16 4 48

Néu tich phan c6 dang J-sinax.cosbx.dx . J'sinax.sinbx.dx.

J-cosax.cosbx.dxta str dung cong thue bién ddi tich thanh

tong thu duoc két qua nhu sau:

jsinax.coxtdle sin(afb)x+sin(arb))bx=—] C()S(?H‘b)X+COS(a—b)X +C
2 | a+b a—-b

_[cosax.coxhix:% J[cos(afb)x+cos(avb)>§dx:—i sm(arb)x+ sm(a—B)_x

+C
a+b a-b

J'sinax.sinvdadx=l ﬂcos(a—b)x—cos(afb))idxz I Sm(a—b)x__sm(aq-b)x

2 2l a-b a+h

+C

, . . : 6 4
Vi du. _[smecosxdx -1 J(sméx +sindx)dx = — COSOX _ COSTX
2 i2 8

+C
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§3. Tich phan xiac dinh

1. Khai niém tich phin xic dinh
1.1. Bai todn dién tich hinh thang cong

Pé minh hoa cho khai niém tich phan x4c dinh. trude hét
ta xét bai toan sau: Tinh dién tich hinh phiang aABb gidi han
phia trén béi duong cong lién tuc v = f(x), phia dudi 1a truc Ox
vi hai bén la hai dudng thing x = a. x = b (Nguwi ta goi hinh
phang nhu vay 1a hinh thang cong).
Pé tinh dién tich hinh phang trén
ta lam nhu sau:
- Chia doan [a; b] thanh n phf‘an
nhé khong nhét thiét phai bing
nhau bdi cac diém chia:

a=Xp<x<X3<...<X,=b.

- Tai mo1 diém chia x; cua truc

|
|
|
|
I
I
I
I
t
b
I
3
b
)
)

Ox ta ké cac dudng thang song ~ G a ;(, x
song v&i Oy dé chia hinh thang

cong aABb thanh n hinh thang

cong nho.
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Trong mdi doan nho [x;.,; x;] ta liy mét diém & tuy y. khi
dd hinh thang cong nho thu i c6 ddy dudi la doan [x,.; x;] va
co dién tich xap xi bang dién tich ctia hinh chir nhat véi cling
day dudi va chiéu cao bing f(&,). Goi S; 1a dién tich cua hinh

thang cong nho thir i thi ta cé:
S, = f(£,).Ax, . trong d6 Ax =x, -x,, lad) daidoan [x;; x] -

Khi dé dién tich S cuia hinh thang cong aABb dugc tinh

xdp xi theo cong thirc:
S=8, = f(€,).Ax, + f(E)Ax,+ .+ f(E,)Ax, = D H(E,).Ax,
1=|

Trong cong thite tinh xap xi nay, tdng S, 1a dién tich cua
hinh phang vé&i ddy trén la duong gap khic. Khi n — 4o sao
cho max Ax, — 0 thi duong gip khic cang ngay cang ap sat
vao duong cong y = f(x). Nhu vay, dién tich S cua hinh thang
cong la gidi han clia tdng S, khi max Ax, — 0.

S=limS, = lim Y E)Ax,. (33.1)

n e maxAx, 50

Trong toan hoc, gidi han (3.3.1) dugc goi 12 tich phan xac dinh

ctia ham sd f{x) trén doan {a; b].
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1.2. Dinh nghia tich phin xdc dinh

Cho ham sé f(x) xac dinh trén doan [2; b]. V& mdi sb tu
nhién n > 1. ta chia [a: b] thanh n doan nho khong nhat thiét
phai bang nhau béi cdc diém chia:

Aa=Xy<xy3<x;<...< Xn:b

Goi Ax, =x,—x_, v6i i=1.2...n va trén mdi doan chia

[Xir: x;] 1Ay mdt diém &, iy y. Lap tong 1, = Y f(&)ax, (I,
1=l

goi la tong tich phan ciia ham $0 f(x) trén doan [a; b]).

Cho s diém chia tang 1én v6 han (n — +x) sao cho
max Ax, — 0. Néu trong qua trinh d6 ma tong tich phan I, tién
dén mot gidi han xac dinh 1 khéng phu thude vao cach chia
doan [a; b] va cach chon diém & tuy vy thi I dugc goi la tich
phin x4c dinh cua ham sbé f(x) trén doan [a; b]. ki hiéu

b

la Jf(x)dx .

a

Theo dinh nghia, ta co:

jf(x)dx = lim Oif@, JAX,

MaNAx, —
a
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trong d6 a 1a can dudi. b 1a cin trén, f(x) 1a ham sé dudi du

tich phan, x 1a bién s6 lay tich phén.

Chu v.

b a
i, Néua=bthi ff(x)dx - Jf(x)dx =0

b a
ii. Néu a > b thi II‘(x)dx = —J-f(x)dx
a [

iii. Tich phan xac dinh khong phu thude vao bién 1dy tich
phan. tuc la

1]‘f‘(x)dx = 1]‘l‘(t)dt

1.3. Y nghia hinh hoc cua tich phdn xdc dinh

Néu y = {(x) la ham s6 Hén tuc va f(x) = 0 trén [a: b] thi
b
J.f(x)dx la sb do dién tich ciia hinh thang cong aABb vdi canh

B

cong phia trén 1a do thi ham sé y = f(x) trén doan |a; bj
2. Piéu kién ton tai tich phan xac dinh

Pinh ly. Néu f(x) lién tuc trén doan [a: b] thi tich phin dugc

trén doan dé.
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3. Cac tinh chit cila tich phin xac dinh.

Néu cac ham sd f(x), g(x) lién tuc trén doan [a; b] va

k € R thi ta ¢o:

b b b
3.1. j[f(x)if(x)]dx = _[f(x)dx + j o(x)dx

b b
3.2, Jkf(x)dx =k _[f(x)dx

a

b ¢ b
33. jf(x)dx = If(x)dx + j‘f(x)dx, ¢ €|a: b}

b b
3.4. Néu f(x) < g(x) trén [a: b] thi jf(x)dx < J-g(x)dx

3.5. Néu ham sé f(x) lién tuc trén |a; b] thi tdn tai it nhat

mot diém £ € (a; b) sao cho:
b
[k fx)dx = (£).(b- a)

Tinh chét nay dugc goi la dinh Iy vé gia tri trung binh, s

£ duoc goi 1a gia trj trung binh ctia ham sé f(x) trén [a; b].
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4. Cong thitc Newton — Leibnitz

Pinh li. Néu F(x) 13 mdt nguyén ham bat ky ctia ham sb f(x)
lién tuc thi ta coO:

[fex)dx = F(b) - F(a) = F(x)| (3.3.2)

Cong thirc (3.3.2) duogc goi la cong thic Newton —
Leibnitz va nd cho phép ta tinh tich phan xdc dinh thong qua

nguyén ham cua no.

Vidu.

2

¢ J“‘X]dxz J(l-X)dx+ I_[(x-l)dx :_(]'2"')2" +(X -21)2~|

2

=1

0

5. Cac phuwong phap tinh tich phan xac dinh

5.1. Phuwong phdp déi bién so

b
Gia sir phai tinh tich phan 1= [f(x)dx .

¢
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Pat x = ¢(t), dx = ¢ ()dt vai gia thiét o(1)la ham sb thoa

man cac diéu kién sau:

o Hamsd (1) xdc dinh. lién tuc va ¢6 dao ham lién tuc

trén [a: B
o pla)y=ap(f)=b;

o Khi t bién thién trén doan [a: #] ham sb x = ¢(t) nhén
gia tri khong vugt ra ngoat doan [a: b].

Khi do:

b 4 3
1= [feods = [flpmle (dt = [ardt

Vidu l. Tinh tich phan A = j

(\—2)
Pit t=Vx-2 = x=¢ +2vadx = 3t’dt
x=1thit=-1; x=3thit= 1.
Khi dé ta co:

3cdt

) dx 1 | 3n
A= = =3|1-——= dt=3(t—arctgt] =6-—-
ljl+}/(x—-2)2 .'ll‘1+12 _1[ 1+t'j ( ¢ j_' 2
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T

Vi du 2. Tinh tich phan B = [sinx.cos'xdx

, .3 1 . .
Ta co f(x) = sin’x.cos xdx = sin’x.cos’'x.sinxdx = -(1-
2 1 . -
cos x)cos X.d(cosx) nén {a dat t = cosx. suy ra:

5

B= jsin 'x.cos’ xdx
I3

Q 1 3 7

. T 2

=—({(1=-tHt'dt= [(t* =t Yt =| ——— | ==

lj( ) “[< ) ( < j v

0
Viduy 3. Tinh tich phan C = _[ SO dx
1 +sin’x
: COSX ' dt I
Datt=sinx.taco C= |- dx = J - = arctgxh =—

0]+smx 1+t ‘

5.2. Phwong phdp tich phan tirng phin

Cong thirc tich phén timg phan ma ta da sir dung dbi voi
tich phan bat dinh dugc chuyén sang tich phan xac dinh dudi
dang

l]‘udv = uv[}: - ]]-vdu s

a a
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trong d6 u(x), v(x) 1 cac ham sd lién tyuc trén doan [a; b].

!
Vidy I. Tinh tich phan A = [xe'dx

0

u=x du = dx
Dét{ :.*/{

dv =e“dx v=e'

t
vay A = J-xe“dx =xe"
g

{ ] .
_J'\
0
0
]

Vidu 2. Tinh tich phan B = Jx.arctgxdx

0

du = dx
U = arctox - 2
Dat l S I+X" suyra
| dv = xdx v X"
2

B= Jx.arctgxdx

0
_X arctgx _l j
2 O

1
xdx:n J{l_ l,jdx:
0 1+x°

i0

x | I | T 1
=———(x—aretgx) =———(1-—)=—=
8 2( ), 8 20 P75
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! x
Vidy 3. Tinh tich phan € = [=< dx
o (x+1)°
u=xe' du=(x+1)"
Dat 14y = dx = 1 ,suyra
V=—— vV=——
(x+1) X +1
_pxetdx
dx+1)”
xll 1 \] 3
), 1 I
_ X +Ic\dx:——z(-e—- - ‘E =———e+l= _2c
X+, x+1| 1o 2

Vidu 4. Tinh tich phan D = ]‘cosix.sinx.c“":‘dx
9]
Datt= sin’x = dt = 2sinxcosxdx
. T .
x=0thit=0;x= 5 thit=1.
Khi d6 ta co:

b

B L | L
2 . ] e l
D= J-cos‘x.smx.e‘“"‘ ‘dx = ! I(l —tle'dt = Sl . _[tc‘dt =
0 2 0 2 0 2 0
e 1 1 '
————— te' —e'] =—-1
2 2 2( 10
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§4. Tich phan suy rgng

L. Tich phan suy rong vai can vo cuc
Gia sir f(x) 1a mot ham s lién tuc trén khoang [a;+»). Khi

(
doé vt moi t € [a+oc) ton tai tich phan F(ty = If(x)dx .

Ta dinh nghia, gié1 han cua tich phan F(t) khi t — +w
duge goi 1a tich phan suy rong ciia ham s6 f(x) trén khoang
[a;+00) va ky hiéu la:

[ftx)dx = lim [f(x)dx (3.4.1)

Twong tu, tich phan suy réng ctia ham s6 f(x) trén khoang

(—oc;al va trén khoang (-wo;+») dugc dinh nghia la:

s

}:‘(x)dx = lim jf(x)dx (3.4.2)

+]‘:f(x)d:’( = ]f(x)dx + +]if(x)dx = 11_1,131 ]‘f(x)dx + {1_1’1}1 ]f(x)dx

¢ la diém tuy chon. (3.4.3)
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Chi y. Néu gigi han & vé phai cla cic cong thie (3.4.1).
(3.4.2). (34.3) ton tai hitu han thi tich phan suy rong dugc goi
14 hoi tu. Nguoc lai, néu giéi han & vé phai cua cong thire trén

1a v6 han hoac khong ton tai thi tich phén suy rong dugc go1 1a

phan ky.
Vidu l.
Ttodx . e odx X T
° J - = lim —~ = |lim arctgx = —
; 1 + X 1—»-—«.\0 1+X_ 1 +or 2
dx ! dx i3
® = hm = hm -arctgx) = —
. T dx _(] dx T T r_
MET S ES'S 1+x* 2 2

2. Tich phan suy rong ciia ham s6 gian doan

Cho ham sé f(x) lién tuc tai moi x e [a;b) va f(x) gian doan

b-¢
tai x = b. Khi d6 v&i moi sb £>0 nho tuy y ta cé jf(x)dx 1a

tich phan xac dinh thong thuong. Ta dinh nghia gigi han cua
b-¢

tich phan  [f(x)dxkhi &->0 dugc goi la tich phan suy rong

clia ham s6 f(x) trén doan [a; b] va dugc ky hidu nhu sau:
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b-¢

It‘(x)dx = lim jf(x)dx (3.4.4)

Trudmng hop ham sé f{x) lién tuc tai moi xe(asb] va fix) gian
doan taji X = a thi tich phéan suy rong cia ham sé f(x) trén doan [a;

b} dugce dinh nghia trong tu va duge ky hiéu nhu sau:

b b
J'f(x)dx = lim J’f(x)dx (3.4.5)

Truomg hop ham s6 f(x) lién tuc tai moi xe [a;b] trir tai x = ¢
thi tich phan suy rong ca ham s6 f(x) trén doan [a; b] duoc dinh

nghia va dugc ky hiéu nhur sau:

.I,J'f(x)dx = ]f(x)dx + bjf(x)dx = lim Cff(x)dx +lim tj‘f(x)dx

Cc+E

(3.4.6)

Chii ¥. Néu gidi han & vé phai cua cdc cong thire (3.4.4),
(3.4.5), (3.4.6) ton tai hiru han thi tich phan suy réng duoc goi
fa hoi tu. Nguoc lai, néu gisi han & vé phai cua cong thire trén
la v han hodc khong ton tai thi tich phin suy rong dugc goi la

phan ky.
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Vi du.

[t ]
1 dX o d
_lj\/l—xE __|I\/1—

lJ‘di‘( = lim J' = 11m arcsin(1 —¢g) =
0 ﬁ .

—lin}arcsin(-1+£) =
£

=T

1
T
J.\/IZEE

oS
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§5. Ung dung ciia tich phan trong kinh té

1. Ung dung cua tich phan bat dinh
1.1. Xdc dinh quj vén dwa theo mirc diu tie

Gia sur viéc dau tu duge tién hanh lién tuc theo thoi gian.
Ta xem luong dau tu [ va quy vén K 1 cac bién sb phu thude

ham s6 vao thai gian t:
= 1{1). K = K(t)

Lugng dau tu 1(t) ta1 thoi diém t chinh 1a lugng bd sung
quy von tai thai diém dé. Noi cach khac, I(t) 1a toc do tang cia
K(t). do dé I(t) = K (v).

Néu biét ham dau tur 1(t) thi ta co thé xdc dinh duoc quy

von K(t) boi cong thae:
K(t) = J'l(t)dt

hang sé C trong tich phan bét dinh duoc xéc dinh néu ta biét

quy vdn ban dau Ko = K(0).
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Vi du. Gia sir luong dau tu tai thoi diém t duoc xac dinh duéi
dang ham $d (1) =140t* va quy von tai thoi diém XUt phat 1a
K(0)=150. Quy vdn tai thoi diém t la;

K(t) = [140t*dt :140?.14 +C

tai thoi diém xuat phat K(0) = C = 150, do dé
K(t) = 80t* +150 .
1.2. Xdc dinh ham tong khi biét ham gid tri cdn bién

Gia sir bién s kinh té y mang y nghia téng gid tr (téng
chi phi, tong doanh thu, tong sé tiéu ding....), duoc xac dinh
theo gia tri ciia bién sé x 1a y = f(x).

Mit khac. nhu ta da biét dao ham y'=f'(x)1a gid tri y can
bién ctia x. Néu biét duoc gia tri can bicn y'= £ (x) = g(x) thi ta
c6 thé xac dinh duge ham tong vy = f(x) théng qua phép toan
tich phan:

y = f(x) = [g(x)dx

Vi du 1. Gia st chi phi can bién & mdi san lugng Q la MC =
25 — 30Q + 9Q va chi phi c¢é dinh Ja FC = 55. Khi dé, ham

tdng chi phi duge xdc dinh bdi cong thie:
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C= I(25-30Q+9Q2)dQ=2SQ-15Q2 +3Q' +C,

Chi phi ¢ dinh la phan chi phi khéng phu thude mure san
luong Q, dé dé:

FC=55=C(0)=Cy = C=55+25Q-15Q" +3Q"

Chi phi kha bién 1 phan chi phi phu thudc mire san lugng
Q. P4 chinh 12 hiéu s& cia tdng chi phi va chi phi cb dinh.
Trong trudmg hop nay VC =C — FC =25Q — 15Q° + 3Q°.

Vi dy 2. Gia sir doanh thu cén bién & mdi mitc san luong Q duge

xac dinh dudi dang ham $6:
MR = 60 - 20 -2Q*

Hay xac dinh ham tdng doanh thu va ham cau do6i véi san

pham.

Ta ¢ ham tong doanh thu R 1a nguyén ham ctia ham

doanh thu can bién dugc xac dinh nhu sau:
R = [(60-2Q-2Q)dQ = 60Q-Q’ —%Q-“ +R,

dé thay doanh thu ban hang khi Q =0 1a R, =0, do d6

R:6OQ—Q2—%Q".
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Goi p = p(Q) 12 ham cau dao, tirc 1a ham nguoc cua ham cau
Q=D(Q).TacoR=p(Q).Q =

R 2
== =60-Q-2Q’
p(Q) Q Q 3Q

2. Ung dung ciia tich phan xac dinh

Nhur ta dd biét. ham cdu Q, = D(p) cho biét luong hang
hod Q4 ma ngudi mua bang 1ong mua & mdi mue gia p. Khi
biéu di&n bang d6 thi méi lién hé giira gia va lugng cau, cac
nha kinh té thuong sir dung truc tung dé biéu dién gia p va truc
hoanh biéu dién hrong Q. Véi cach biéu dién nhu vay thi
dudng cau fa do thi ciia ham cau dao p = D'(Qqy) (ham nguoc
ctia ham cau Qg4 = D(p)).

Gia str diém can bang cua thi truomg 1a (pg; Qo) va hang
hod duge ban véi gia po. Khi d6 nhitng ngudi mua néu bing
long tra gia p; > po thi duge hudng mot khoan loi bing p; — po
(doan FM trén hinh v&). Téng sb huong lgi ctia tit ca nhimg
ngudi tiéu ding bang dién tich tam giac cong AEp,. Cac nha
kinh té goi dé la thang du ctia nguoi tidu ding va duoe tinh

Q,
bang céng thirc: CS = ID_' (Q)dQ -p,Q,
0

Ham cung Q, = S(p) cua thi truong cho biét lrgng hang
hod Q, ma ngudi ban bing long ban & mdi mirc gia p. Duong
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cung la dd thi cua ham cung dao p = §7(Q,). Néu hang hoa
duoc ban ¢ muc gia can béng py thi nhirng nha san xuat 1& ra
bang long ban & mire gid p, < py diroc hudng mot khoan loi
bang po - p, (doan FN trén hinh v&). Tong s6 hudng loi cua tit
ca cac nha san xuat bang dién tich cia tam giac cong BEp,.
Cac nha kinh té goi d6 la thing du clia nha san xuét va thang
dur ciia nha san xuét dugc tinh theo cong thie:

()H

PS =p,@, - [$™(Qd
[§]

P=5"(Q)

Sy

Thang du cuia ngudi tiéu dung Thang du ctia ngudi san xuat
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1

B

r

Bai tap chwong 3

. Tinh cac tich phan bét dinh sau:

b. ¢ d
2 R — L2 - L A=
IX (5—x) dx J{l —ijjv[;’«./)(dx J-x : +3 dx J'?. S dx
L ox x? =1 100
, h
cos2x £ e 41
- 4 "3_d-; RN r—i de 1 dl-
SITX.COSX Y _[XV\/IJFX dx J‘(1+x3)f J-c‘ +1 *
dX m B
dX L I, et n M\ +1u\d
S Rt e T

(arcsinK)V1-x"

2. Str dung phwrong phéap ddi bién s6 tinh céc tich phan sau:

D P e
e+l Je' +1 ' ) X1 - x>

e. I ’(_ix_“ g. _[ xidx h. J.xz\mdx 1. I L lnli\'dx

xV1+ Xz- h\[‘l -x? ’

I-x 1-x
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3. Sir dung phuong phép tich phin timg phan tinh cac tich
phan sau:

a. _[xsin2xdx b. J-xze‘dx c. J\/;.lnxdx d. J-x.arctgxdx

N _[ xdx 0. Jx.cosxd,\' h. P.;anig,;\._c_!\ i j et )
sin “x sin ‘X Vi x° (x+2)’
. & ¥ L, Qre -
ko [uesindy ARG L
x? (1+x7) (1+x)"

4. Tinh tich phan cac ham sb hiru ty:

5

X’ 2% +x—I D% +x+l 2%
a. [rgdx b. d ¢ 5 d d. ——dx
2x+1 2% j)( 2%+ x*=x? +1

e g g ds hdx i | 2K43x2
j“\'*l) j“(XIOH)_ ‘ '[l-f x* O (X
5. Tinh tich phan cac ham s lugng giac

C.
a. fsir.cosx.dn b. ﬁian.odn L d. Isin5xdx
Jsmicos x.dx
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dx

I2 —sinx jsin‘xAdx
2 + CosX

| + cosx

h. I_i’\ _

3 —3cosx

6. Tinh céc tich phan xac dinh sau:

o

P

4 |
J.cost.dX b % (24 3% 1) dx
0 b
g.
oY) IR AN
—— - dx Plet et -1
e =2y J—dx
Joe +3
n <
_[x".cosx.d) l. _ﬂlnx\dx
0 e

. Tinh cac tich phan suy réng
[4] 2 d
Ixc‘ dx b. J- * -
o [ (X - l)-

41
C. I,\-‘.v"x:+9.dx d.
"

11
dx

J1+32x+1

h.

m. j(\ln\):dx

. ]J‘ln:x.dx

0 X

COSX
dx

Jecos2x

m2

j‘\u"le\ ~1ldx
0

i J dx

J2cosx +3

n. "
fsmlx cos N dy
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Chuong 4

HAM SO NHIEU BIEN SO

Trong cdc chuong dau, ta di nghién citu cdc quan hé ham
$6 ma trong dé ham so chi phu thudéc vao mot bién s6 (ham s6
dang y = f(x)). Nhung trong thue t& phan 16n quan hé ham s0 ta
gap phuc tap hon nhiéu. D6 1a trudng hgp ba, bén hay nhiéu
bién s6 bién thién déng thoi anh hudng dén nhau. Quan hé ham

nhu thé dugc goi 1a quan hé hAm s6 nhiéu bién s6.

Trong viéc xay dung 1y thuyét ham s6 nhiéu bién s@, vé
mat trinh ty noi dung, cich 1ap ludn,... ¢6 nhiéu diém gidng véi

phan ham s6 mot bién 6.

§1. Cac khai niém vé ham so nhiéu bién s¢
L. Tich Pé cac
1.1. Tich Pé cac cua hai tap hop

Pinh nghia. Tich Dé cic cta hai tap hop A va B la tap hop tét
cd cdc cdp (a; b), a trude b sau, duge tao nén do ldy ac A, be B

mot cach bat ky.
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Ki hiéu tich Dé céc cua hai tap hop A va B la: AxB.
Viy ta cé AxB = {(a: blacAbe B}
Vidu .
e ChoA=1{1;2},B={x:y]} thitacé AxB = {(1; x), (1;
y). (25x), (25 )}
e Cho A =10; 1], B =[0; 1] thi ta c6 AxB = {(x;
y) [0<x<10<y<l).
1.2. Tich Pé cdc cua n tip hop
Pinh nghia 2. Tich Dé cdc clia n tap hop A, A,,..., A, la

tap hop t4t ca ciac bo n phidn 0 (a;; a,; ...; a,) theo tha tr

3

€A, a,eA,, ..., a,€ A, mot cach bat ky.

Ki hiéu tich Dé cdc db 1a A x Ayx..xA,, ta cé:

n»

Apx AgxexA, = {(a a5 s 8,) | €A i= Lin)
Truomg hop A= Ay=...= A, thi Ajx Ajx..xA, = A",
2. Pinh nghia ham s6 hai bién s¢
2.1. Dinh nghia

Xét tich D& cdc R? va Dc R?, ham s6 hai bién s6 f xdc
dinh trén D 12 mét qui tic cho tuong dng véi mdi (x; y) € D

vé1 mot va chi mot sé thuc z.
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Ta viét f: (x; y) — 2 =f(x; y) hoac z = f(x; y), trong dé
f(x; y) 1a gid tri ctia ham s6 f tai diém (x; y).

Tap hop D duoc goi 13 mién xédc dinh cia ham s6 f.
2.2. Mién xdc dinh cua ham s6 hai bién sé

Ta qui udc rang néu ham s6 z duge cho bdi biéu thic z =
f(x; y) ma khong néi gi thém vé mién xdc dinh clia né thi
mién x4c dinh cha z = f(x; y) duge hiéu 1a tap hop tat ca cic
diém M(x; y) trén mat phang sao cho biéu thic f(x; y) ¢
nghia. ‘
Vidy 1. Him s6 z=+1-x*—y® duoc xdc dinh trong mién
x?+y? <1, tific la trong hinh trdn tam tai (0; 0) ban kinh 1
(hinh 4.1.1).

Vidu 2. Mién xéc dinh cia ham s6 z=In(x + y -1) 1a mién x +
y> 1 (hinh 4.1.2)

e v
D <

" s

(hinh4.1.1) (hinh 4.1.2)
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2.3. Do thi cua ham s6 hai bién so

Cho ham s6 7 = f(x; y) x4c dinh trén mién D c R”, khi dé
vdi mdi diém M(x;y) € D ta ¢6 mot diém P(x; y; ). voi z = f(x;
y) trong khong gian. Khi M(x:y)bién thién trong mién D thi
P(x; y; z) clng bién thién va tap hop cic diém P duge goi 1a d6
thi cia ham s6 z = f(x; y).
Chu y. D6 thi clia ham s6 z = f(x; y) nhiéu khi la mét mat cong
(S) trong khong gian.
Vidu. Ham s z = \m ¢ d6 thi la nita mit cau (am tai
g6¢ toa do, ban kinh R nam phia trén mat phang z = 0.
2.4. Gidi han va tinh lién tuc cua ham s6 hai bién s6
24.1.Gioi han cua ham s6 hai bién s6

S6 A duoe goi 1a gidi han clia ham s6 z = f(x;y) khi diém
M(x; y) tién dan dén My(x,; ¥,) néu nhu Iﬂ'(x;y)-A‘ 14 mot vo
cing bé khi MM, — 0.

Ki hiéu: Mlim f(x:y)=A hay 1Lm f(x:y)=A.

My
YO e

2.4.2 Tinh lién tuc cua ham s6 hai hién.

Ham 56 7 = f(x;y) duoc goi 1a lién tuc tai diém My(xg; ¥o)
néu;
1) z = f(x;y) xdc dinh taj M, v moi diém M(x; y) thudc
vio 14an cin cta diém M;
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1) lim f(x:y)=A.

Chu y. N&u ky hieu Az=f(x;y)—f(x,5y,) va
AX =X —x,.Ay = y—y, thi dinh nghia trén ta ¢ thé phét biéu
nhu sau:
Ham s6 z = f(x;y) duge got la lién tuc tai diém My(x,; Vo)
néu:
i) z = f(x;y) xdc dinh tai moi diém (x; y) thude vio lan
can clia di€m M,

11) limAz=0.
Ax—0
Ay »0

3. Pinh nghia ham s6 nhiéu bién so (n>3)

Xét tich Dé cdc R" vi G« R", ham s6 n bién s6 f xdc dinh
trén G 1a mot qui tac cho tuong dng véi méi (x,; x»; ;x,) € G
véi mot va chi mét s6 thuc u.

Ta viét f: (x;; Xp-.0X,) B u = f(X;; X55..%,) hoac u = f(x;
X503 X, ) trong d6 (x5 Xy;...3X,) 1 gid tri cha ham s6 { tai diém (x;
Xy5en3Xp)e

Tap hop G dugc goi 1a mién xac dinh cia ham s6 f.

Vidy. Him s6 u= x>+ y* + z* 12 ham s6 cta ba bién s6 x, y, z.
Chii y. Gidi han va tinh lién tuc ctia ham s6 nhiéu bién s6 hoan
toan twong tu nhu gidi han va tinh lién tuc ctia ham s6 hai bién

A

50.
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§2. Pao ham va vi phan ctia ham sé nhiéu bién

1. Pao ham riéng

Cho ham s6 z = f(x;y) x4c dinh trong mét mién D va diém
My(Xp; yo) € D.

Néu cho y = y,, ham s6 mot bién s6 z = f(X;y,) ¢6 dao ham tai
X = X, thi dao ham d6 duge goi 1a dao ham riéng cua f(x; y) déi
Va1 x tai M, va duge ky hiéu la:
, of
f x(X0§ YO) hﬂy ——(x();YO)'
ox
Néu cho x = X, ham s6 mot bién 6 z = f(Xy;y) c6 dao ham tai
y = Y, thi dao ham dé duge goi 1a dao ham riéng cla f(x; y) doi

val y tai M, va duoc ky hiéu la:
, of
f'(Xo; ¥o) hay g(xo;yo)-
Dat A f = f(xy + AX; yy) - f(Xg ¥o) V2 ta goi né 1a so gia

riéng cua cua f(x;y) theo x tai My(Xy; Vo). khi d6 theo dinh

nghia dao ham ciia him s& mét bién tai mét diém ta c6:
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X

i( 3V, = lim
ax xu»}’o - Av}—»() AX ’

Tuong tu, dat A f = (X, yo + Ay) - f(Xg; Yo) va goi né la

sO gia riéng cva cua f(x;y) theo y tai My(xg; Vo),

A
g(xo;y0)= lim —— .
ay Ay -0 Ay

Chu v.
i. Cac dao ham riéng ctia ham s6 n bi€n s6 u = f(x,; X5; ...;

‘s

X,), ( n = 3) duge dinh nghia hoan toan twong tu, tic 12 ta ¢c6:

du . Ax,u TN
— (X3 X5:.5X,)= hIm ,1=1ln.
OX Ax, >0 Axi

ii. Khi tinh dao ham riéng ctia ham s6 theo bién s6 ndo, chi
viéc xem nhu ham s6 chi phu thudc bién s6 4y, cdc bién s6
khic dugc coi nhu hang s6 réi ap dung céc qui tic tinh dao

ham cia ham s6 mot bién s6.
2. Vi phan toan phan

Cho ham s6 z = f(x;y) x4c dinh trén mién D va diém
My(Xo; Yoy D, cho x; s6 gia AX, Yy, $0 gla Ay sao cho M(x,
+AX;yo+Ay)eD.

Trudng Cao ddng hoa chét 135



TOAN CAO CAP

Khi dé ham sO co sO gia la
Az =f(x, + AX;y, + Ay) - f(x,;y,)va dugc go1 12 s6 gia toan

phin ctia ham s6 z = {(x; y) tai diém M,

2.1. Pinh nghia. N€u s6 gia toan phdn Az cia ham s6 z = f(x;
y) tai diém Mg(x,, y,) biéu dién duoc dudi dang
Az = A.AX + BAy + a.Ax + B.Ay, trong dé6 A, B 1a cic dai luong
cht phu thudc vao xg, y, con .8 la cic dai lugng vo cung bé
khi Ax > 0, Ay — 0thi ta ndi ham s6 f(x; y) kha vi tai M, va
biéu thic A.Ax + B.Ay duge goi 14 vi phan toan phan cla ham s6

f(x; y) tai My, ki hiéu la dz.
Vaytacodz = A Ax +BAy.
Chu y.

i. Néu A, B khong déng thdi bang khong (tdc A* +B* 2 0)
thi dz va Azla cic vo cung bé twong duong khi Ax -0,

Ay - 0.

it. Néu ham s6 z = {(x;y) kha vi tai diém M, thi né lién tuc

tai diém ay.
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2.2. Pinh Ii. Néu ham s6 z = {(x;y) kha vi tai diém M, € D thi
tai d6 10n tai cdc dao ham riéng z, z, va vi phan toan phan
cua ham $6 z = f(x;y) dugce tinh theo cong thic:

dz =z Ax+7 Ay

Chung nunh.

Vi him s6 z = {(x;y) kha vi tai My(xy; ¥) nén $6 gia toan
phan cia ham s6 biéu dién  duge dudi  dang
Az = AAAX + BAy + a.Ax + B.Ay .

Gity =y, thi ta cd Ay=0. kht d6 A z=A.Ax+a.AX

Az S Al s ¢ oA .

= ——A-‘—~:A+oc. Do o la mot vdo cung bé nén ta cé
X

A Z aZ <! z
Im = =A=—=f (x,1y,). Tuong tu ta co
Wt Ax ox ‘

oz .
A=—=1(X,1¥y)-

C‘}y

Viy dz=2z Ax+z Ay.
Chu y.

i. Do x, y la cdc bi€n s60 doc lap nén ta cé

Ax =dx.Ay =dy,suyra dz=z dx +z .dy.
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ii. P31 véi cdc ham $6 n bién s6 (n > 3) ta ¢ dinh nghia va
cong thifc tinh vi phan hoan toan tuong tu, tic 12 néu cho ham s&

u = f(X; X35 ...y X,,) thi:

du=- x4 g, o+ M - Zﬂ.dx
ax, ax, ax ~ o

n = ]

Vidy 1. Cho ham s8 z = xy, tinh Az va dz tai diém (2; 3) biét
Ax =0.1,Ay =0.2.

Ta cOA7=(2+0.1)(3+0.2)-2.3=0.72 va
7 (2:3)=3, z'y(2;3) =2nén dz=3.0.1+2.0,2=0.7

Vidu 2. Chohamsd z = x¥ (x > 0), ta c6 dz = yx*'dx + x*Inxdy
2.3. Ung dung cia vi phdn vao phép tinh gin diing
Ta c6 khi |Ax|.|Ay| khd nhé thi Az = dz, tic la:
f(x, + AX;y, + AY) —T(X,1¥0) = £ (X ¥ )-Ax + (X3, ).Ay

< f(x, +Axyy, + Ay) = (XY ) + fi(xo;yo)-Ax'*'f_; (Xy3¥0)-8y
(4.2.1)

Vidu. Tinh gan ding gia ui A =1,04>%
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Giai
Xétham s6 z=x¥ (x > 0), tacé z_ = yx*".z, =x’ Inx,
Bat (xy; yo) = (1; 2) va (Ax: Ay) = (0.04;0.02), khi d6 ta cé:
A=104"% =17 +2.1°7.0.04 +17 In1.0,02 = 1.08
3. Pao ham cua ham s6 hop

3.1. Khai niém ham sé hop. Cho ham s6 z = {(u; v), trong d6
u, v 12 cdc ham s6 cua hai bién 6 doc lap x, y (tifc [a u = u(x;
y), V.= v(x; y)). Khi d6 z Ia him s& hop cla hai bién s6 x va y
théng qua hai ham s6 trung gian la u va v, ki hi¢u la z =

flu(x;y); v(x;y)].

3.2. Dinh ly. Néu ham s6 z = f(u; v) kha vi va cic ham s6 hai bi¢n
$6 u(x; y), V(X; y) ¢6 cic dao ham riéng lién tuc thi ham s z = f(u;
v) c6 cic dao ham riéng theo bién x, bién y dugc tinh theo cong
thc:

2, =Z U +7,V|

Z, =Z,U, +2,V,

¥

Vi dy. Cho ham s6 z = ¢"sinv, trong dé u = xy, v=x +y, khid6

ta co:
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2, =z,u +z. v, =e”[ysin(x +y)+cos(x +y)]
z'y =z,u, +2z, v, = eV [xsin(x +y)+cos(x +y)]
4. Pao ham cua ham s6 4an
4.1. Ham s6'dn mot bién s6
4.1.1. Khai niém ham s¢ dn mot bién so

Gia slr cdc gid tri cia hai bién s6 x va y lién hé vai nhau

bdi mot phuong trinh ¢6 dang

F(x;y)=0
(4.2.2)

Néu vgi mdi x thuéc mot khoang X <R néao dé tén tai mot
va chi mdt 6 thuc y thoa mian phuong trinh (4.2.2) thi phuong
trinh (4.2.2) xdc dinh mét ham s6 y = y(x), x € X. Khi d6 ta
ndi y 12 ham s& An cla x xdc dinh bdi phuong trinh (4.2.2).

Vi dy. Phuong trinh

xdc dinh y 1a ham $6 cua x
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y=2Val %’ (4.2.4)

a

Ham s6 cho dudi dang (4.2.3) la ham s6 4n va trong trudng

hop nay (4.2.3) dua dugc vé ham s6 tudng minh (4.2.4).

Tuy nhién, trong nhiéu truong hgp khong phéi lic nao
ciing dua ham $6 4n y cua x xdc dinh bdi (4.2.2) vé dang tudng

minh.

Vi dy. Tir hé thire x¥ = y* (x > 0. y > 0) khong thé biéu dién y

theo x.
4.1.2. Cach tinh dao ham
Dao ham theo bién x hai v€ cua (4.2.2) ta ¢6
Fo+F.y =0
. F. .
o Y. :_F_\\" (F, #0) (4.2.5)
Vi du. Tinh dao ham cha ham s6 an x4c dinh béi phuong trinh
F(x;y)=e*—e"+xy=0
Tac6 F =e* +y, F =x-e'. Ap dung cong thic (4.2.5)

ta c6:
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» F et +y e +y
y,=- ==
F, X—¢ e —X

v

4.2. Ham s6 dn hai bién s¢
4.2.1. Khdi niém ham sé dn hai bién so

Gia str méi lién heé gitta bién s6 z va cic bién s6 x, y lién

hé véi nhau bdi mot phuong trinh ¢6 dang
Fx;y;2)=0
(4.2.6)

Néu v6i modi (x; y)e D c R nao d6 16n tai mét va chi mét s6
thuc 7z thoa man phuong trinh (4.2.6) thi phuong trinh (4.2.6) xac
dinh mot ham 6 hai bién z = f(x; y), (x; y)e D c R”. Khi dé ta
n6i z 1a ham sé an cha hai bién s6 x, y xac dinh bdi phuong trinh
(4.2.6).

4.2.2. Cdach tinh duo ham

Viéc tinh dao ham riéng ctia ham s6 an hai bién sé dyoc

thuc hién twong tu nhu viéc tinh dao ham cha ham s6 4n mot

bién s, tifc 1a ta ¢co:

. oo F .

7Z.=——.2 =—— F 20

' F/ ’ z (I )
4.2.7)

Vidy. Xét ham &n z = f(x; y) x4c dinh b&i phuong trinh

F(x;y;z) = X +y—:+;l;~1 =0
a b~ ¢”

-
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< . : : .2
Dé thay F, = Z—T,FV = 2): ,E, = —f, ap dung cong thixc
a- = b’ c”
(4.2.7) ta coé:
E 2 . F 2
L o=——2=-S2 5 =22 2 (g0
F, a’z o E, bz

5. Pao ham riéng va vi phan cap cao
5.1. Pao ham riéng cdp cao

Cho ham s6 hai bién s6 z = f(x; y), ta goi cdc dao ham
riéng [, f, la cdc dao ham riéng cip mot. Cic dao ham riéng
ctua cic dao ham riéng cdp mot duoce goi 1a dao ham riéng cap

2. Ta ¢6 bon dao ham riéng cdp hai nhu sau:

c(of o' f . o[ of O°fF .
—[---—j= -=f . (x1y); —[ j= =f (x1y);
ox\ox,) ox-  * Oy\ox ) Oyox ’

2 A . 5 (6f ) - .
o :(—'-—f—:f\,‘(x;y); al =~a——f:f3(x;y)
ox | oy oxoy oy \ 9y oy '

Cédc dao ham riéng cua cic dao ham riéng cap hai duoc goi

14 dao ham riéng cap 3,
Vidu. Cho f(x; y) = xy* + x* thi ta cé:

fLy) =y +4x", f (x;y) = 2xy

f.Oay)=12x7, £ (Gy) =2y, f, (xy) =2y, f.(xy)=2x
Pinh li (Schwarz). Néu trong moét 1an can U nado d6 cua diém

My(xo, yo) ham s6 z = f(x; y) ¢6 cdc dao ham rieng f, (x;y),
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f.. (x;y) va cdc dao ham riéng y lién tuc tai diém M, thi tai d6 ta

7

c6:
f,(xiy)= L, (xy)
Trong vi du trén ta cé f (x;y)= f, (x;y)=2y.
5.2. Vi phan cdp cao

Xét ham 6 hai bién s6 z = f(x; y), vi phan toan phan
dz=f dx+f dy ciing |2 mot him s6 hai bién 56 cia x, y va
duge goi 1a vi phan toan phan cip mot. Vi phan cua vi phan
toan phan cap mdt duoe goi la vi phian toan phan cap hai va
dugc ki hiéu 12 d*z.

Ta c6 d’z = d(dz) = d(f, dx +f, dy) = f.(xy).dx" +

2f, (x:y).dxdy + f . (x:y).dy’
Tuong v, d'z=d(d'z), ,d"z=d(d"'z).
Vidu. Cho hdm s6 7 = e*¥, tinh d°z.

T ed 7 —vueY 7 = ya®
Tacéd 7z =ye .z, =xe

¥
. a oy e a2 xy N 3 Xy )
suyraz,=ye’,z.=xe",z, =¢’ +xyc’ =c”(l+xy).

3 T

Vay d*z =y e¥dx” +2e™ (1 + xy)dxdy + x*e¥dy’
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§3. Cuc tri cua ham s hai bién so

1. Pinh nghia curc tri ham hai bién

Cho hiam s6 z = f(x; y) xdc dinh trén mién D va mot

diém M(Xg; Yoy D, ta néi:

Ham s6 z = f(x; y) dat cuc dai tai My(Xg; o) n€u v6l moi M(x; y)

thudc vao 1an can cua M, ta cé
f(x; y) < f(xg; yo)» (M 2 M)

Ham s6 7 = [(x; y) dat cuc tiéu tai My(xy; yo) né€u v6i moi M(x;y)

thuoc vao lan cin cua M, ta c6
fx; y) > f(xe: ¥ ). (M = M)
Chii y.
e Diém My(xy; y,) duoc goi la diém cuc tri con {(Xg; V)
goi 14 cuc tri cua ham so
e (Cuc tri dinh nghia nthu trén con duoe goi 1a cuc tri dia

phuong.

Vi du. Ching minh hdm s6 z = — - sin(x” + y?) dat cuc dai tai

DD | =

diém (0;0).
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Véi moi (x;y) thudc viao 1an can cia diém (0;0) trir né ta
déu 6 sin(x*+y?) > 0, suy ra:
- sin(x* + y?) <

7= = 7 ((;0).

o | —
| —

Theo dinh nghia cuc tri cha ham hai bién s6 ta c6 ham so dat
cue dai tai diém (0;0).
2. Piéu kién can cua cuc tri ham hai bién
bPinh ly. Néu ham kha vi z = f(x;y) dat cuc tri tai My(Xo; ¥o) thi
tai d6 cdc dao ham riéng cip mot triét tiéu,
Chimng minh.

Gia sir ham s6 z = f(x;y) dat cuc tiéu tai M, suy ra f(x; y) >
f(Xo; Vo ), ¥V M(x;y) thudc vao 1an cin cia My(M = M,).

= f(x5y0) > {(x03 ¥0) vaf(xy;y)> f( X0 yo s

YV M(X;Vy), M(Xq:y) thudc vao lan can ctia Mg(M = My).

C4c bt dang thic trén ching td hdm 8 ham s6 mot bién
f(x; y,) va f(x,; y) dat cuc tiéu tai diém x, v y, nén theo diéu
kién can cuc tri cua ham $6 mot bién 86 ta c6 f ' (Xp; yo) =0, f
')(XO; yo) = 0.

Ching minh tuong tu trudng hop ham so f(x;y) dat CD tai
diém M,.
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Chit y. Diéu kién cén trén cho ta thu hep viéc tim cuc tri cla
ham s6 tai nhitng diém My(x:y,) md & d6 cac dao ham riéng cap
mot triét Géu. Diém My(x; yo) duge goi 1a diém ding hay diém
(41 han cua ham s6.

3. Di¢u kién da cua cue tri ham s6 hai bién

Gia st My(Xy; ¥o) 12 mot diém dimg clia ham s6 z = f(x;
y) va tai dé cdc dao ham riéng cap hai cla né déu ton tai va

lién tuc.

Pat A = 2" . (xg3y,) s B= 2" (x1y0) s C= 2" . (X53,)
vi 4 =B*- AC.
Pinh ly.

o Néu A <0 thi diém ditng My(x,; ¥,) 12 diém cuc tri clia

ham s6 z = f(x; y)
M,(xq; Vo) 12 diém cuc dai néu A < 0
My(Xo; ¥o) 12 diém cuc tiéu néu A >0

e Néu A >0 thi diém dimng My(x,; yo) khong ta diém cuc

tri cua ham s8 z = f(x; y).

e Néu A =0 ta khong két luan gi vé cuc tri tai diém dimg
My(Xo; Yo); ham s6 c6 thé dat cuc tri hay khong dat cuc
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tri tai diém d6. Mu6n két luan duoc ta phai st dung
phuong phap khdc nhu dung dinh nghia hoac xét dau
cic dao ham riéng cdp hai cla khai trién Taylor clia

ham s6 hai bi€n ma trong bai nay ta khong xét téi.
Chu y. Céich tim cyc tri ctia ham s3 hai bién z = f(x; y).

Stt dung diéu kién can dé tim toa do céc diém dimg tir

nghiém cua hé phuong trinh:

7,(x;y)=0
z;(x;y)=0'

St dung diéu kién di dé kiém tra 1an luot timg diém ding
la nghiém cta hé trén va két luan.
Vidu. Tim cuc tri cia ham s6 z = 8x’ + 2xy - 3x* +y*.
Gidl.

Ta cé 2, = 24x* + 2y - 6x ; 7, = 2X + 2y, suy ra toa do

diém dimg |2 nghiém cta hé phuong trinh:

2, (x;y)=0 - 24%% +2y —6x =0
z;(x;y)=0 2x +2y =0

suy 1a (x; y) = {(0;0),(1/3;-1/3)}.
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Cac dao ham riéng cap hai: 2", =48x - 6;2',=2; z"y2

Tai diém (0;0) tacd A=-6;B=2:C=2va A=16>0nén
theo diéu kién du ham s6 khong dat cuc tri .

Tai diém (1/3;-1/3)tac6 A=10>0;B=C=2va A=4-
20 = -16 < 0 nén theo diéu kién dii ham s& dat cuc tiéu tai diém
(1/3;-1/3) ;5 2e(1/3;-1/3) = -4/27.

4. Cuc tri ¢6 diéu kién

4.1. Dinh nghia. Gia s\t phai tim cuc tri cia ham s6 z = f(x; y)
trong dé x, y khong doc lap vdi nhau ma rang buéc véi nhau
boi diéu kién @(x;y)=0. Cuc tri phai tim khi dé duge goi 1a

cuc tri ¢6 diéu kién.

4.2. Cdach tim. Tl biéu thitc @(x;y)=0 ta tim cich biéu dién y
theo x (hoac x theo y) réi thay vao ham s6 z = f(x; y). Khi d6
ham s6 z = f(x; y) 1a ham s6 mét bién x hodc y va bai todn tim
cuc tri cua ham sé hai bién tuong duong véi bai todn tim cuc tri

cta ham sd mot bién s6.

Vi du. Tim cuc tri cia hm s6 z=41-x> -y’ véi diéu kién y

=a(0<a<).
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Gidi.

Thay y = a vao ham s6 z=,l-x'~-y’ ta duge
z=+1-a" —=x*, khi d6 bii todn phai tim tvong duong véi viéc
(im cuc tri cua ham s6 mot bién s6 x véi x e [—\/—17.2;\/1-71.

X

Tacé z, =—ﬁ=0c>x=0.
X | _yi-a® 0 l—a’
S I .
2(x) l—a’ —_

Vay ta c6 ham s8 mot bi&n s6 x dat cuc dai tai diém x =0
Vi 2ep = V1 -2, suy ra him s6 hai bién s6 z=1-x" -y’ dat

-

cuc tai tar (0; a) va Zep = v1—a~ .

5. GTLN va GTNN cioa ham so hai bién trong mot mién

xac dinh kin

Nhan xét. Nhu ta da biét cuc tri cha him s6 z = f(x; y) chi ¢6 tinh
chit dia phuong chit chura han da 1d GTLN va GTNN ciia ham s6
trong mot mién xdc dinh kin D nao d6. GTLN va GTNN cta ham

sG ¢6 thé dat tai diém cuc tri hoic tai cdc diém trén bién clta mién
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D, do vay dé€ tim GTLN va GTNN ciia ham s6 trong mét mién

xac dinh kin D nao 44 ta la theo cdc bude sau:
- Tinh gia tri cha haim s6 tai cdc diém ding thudéc mién D;
- Tinh GTLN, GTNN ciia him s6 trén bién cua mién D;

- So sdanh GTLN, GTNN cta him s6 trén bién ctia mién D
v6i gid cha him s6 tai cdc diém dirng thuéc mién D dé tim
GTLN vA GTNN cua ham s6 trén mién D.

Vi dy. Trong mién tam gidc OAB gi6i han bdi céc truc toa do va
dudng thing x + y = 1. Tim cdc diém M sao cho éng binh
phuong cic khoang cich tir M tdi cdc dinh cia tam gidc 12 nho
nhat,
Gidi.
Gia st M(x; y) la diém
nam trong mién tam gidc vy
OAB, khi dé ta ¢6 x, ye[0; N\
I, x+y < lva:

OM* = x* +y’ 1
MA? = x? + (1-y)? y

2 (12 a2 5 N
MB*=(1-x)"+y 3 5 ” SN ¢
= S(x; y) = OM? + MA? +

MB? = 3x? + 3y’ - 2y - 2x + 2
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Bai todn da cho tuong duong véi viée tim cdc diém M(x; y) trong
mién tam gidc OAB sao cho ham s6 hai bién S(x; y) dat GTNN.
Tinh gid tri clia ham s6 tai cac diém dimg:
Ta ¢6 diém dimg 12 nghiém clia hé phuong trinh
S =6x-3=0
{s'_v —6y-3=0

4

11 11
S (xy)=| 2o | > 8(im) =~ (431
(x1y) [3,3] Sip)=7 (43D

Tim GTNN trén bién:
Tren QA tacé x =0 vay € {0:1], khi d6 y)=3y*-2y+2

(4.3.2)

W |

) l
= min S(y) = S(§> =

Trén OBtacé y =0 va xe [0;1}, khi d6 S(x) = 3x> — 2x + 2
] 1 S
= min S(x) = S(S) = 3 (4.3.3)
Tréen ABtacd x+y=1vax,ye|®l] suyray=1—x,
thay vao ham §(x; y) ta c6:
S(x) = 6% — 6x + 3

ol 3
= min S(x) = S(E) =5 (4.3.4)
T (4.3.1) dén (4.3.4) tasuy ra mDin S(x;y) = S(%;—;—) = -2— , VO

D la mién tam gidc OAB.

Vay ta 6 diém M(%; %) [2 diém phai im.
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6. Ung dung trong kinh té
6.1. Trueomg hop doanh nghiép sin xudt hai logi sin phim
Xét trudng hop mdt doanh nghiép canh tranh thudn tuy
san xuit hai loai san pham Q,; Q, va gia sir tdng chi phi két
hop duogc tinh theo 56 lvong san phﬁm:
TC=TC(Q; Q).
Do tinh chét canh tranh doanh nghiép phai chdp nhin gi thi
trudng cac loai san pham do. Vi pi. p, 1a gia thi truong hai
loai san phém thi ham téllg loi nhuan ¢6 dang:
T =p1Q + p2Qx — TC(Q1; Qa)
Bai todn dit ra trong truong hop nay la chon mot co ciu
san xuft (Q,: Q,) dé ham tdng loi nhuén dat ti da.
Vi du. Gia sit ham tdng chi phi cia mdt doanh nghiép canh
tranh (2 TC =6Q; +3Q3 +4Q,Q, va gid san phém lap, = 60.p;
=34, Khi d6 tong l¢i nhuén la:
m=60Q, +34Q, _(f)Q|2 +3Q§ +4Q,Q,)

Diéu kién can dé dat lgi nhuén to1 da la:
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M _60-12Q, —4Q, =0
oQ

Q| =
: =
I 3440, -6Q, =0 {sz3

Q,
2 ~J 2
Mat khac, ta lai c6 S0 =-12.9" = 6 %" __ 4 do d6
2Q; oQ; 2Q,3Q,
tai Qi Q) = (4 3) didu kién  dn
2 2 12 A2
[ on ] O O 7= -56<0." = 12<0 duoc
Q,0Q, oQ; Qs aQy
thoa man.

Vdy doanh nghiép s¢ dat lgi nhuan lon nhat néu san san
xuat 4 don vi san pham thir nhat va 3 don vi san phdm tha hai.

6.2. Téi da hod lgi nhuin ciia mét doanh nghiép doc quyén

Xét tnromg hop mot doanh nghiép doc quyén san xuat hai
loai san pham v&i ham chi phi két hop TC = TC(Q;: Q,).

Doanh nghiép doc quvén dinh gia san pham cua minh can
cir vao chi phi san xufit va cau cta thi trudng. Gia sir cAu cta
thi trudong dbi vai cac loai san phém la:

Qi =Di(p) < pi =Di'(Q)
Q; =Ds(py) & p2=D2(Qy)
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Khi d¢6 ham lgi nhuan c6 dang:

7 = p Q1+ p2Q:r — TC(Qy; Q2)

Can i vao cdu cua thi trudng ta c6 thé biéu dién tong loi
nhuan theo Q. Q, la:
1 =D (Q1)-Qi + Dy(Q2).Qz - TC(Qs; Q).

Theo phuong phap giai bai toan cuc tri ciia ham hai bién ta xac
dinh duge mire san heong Q,, Q, dé = dat cuc dai, tir d6 suy ra
gia tbi wu.
Vi du. Gia st mdt doanh nghiép doc quyén san xudt hai loai
san pham v&i ham chi phi két hop TC = Q? +5Q,Q, +Q2. Gia
st ham cau hang hoa coa cac loai san pham do la:

pi=56—-4Q. py=48 - 2Q,.

Khi d6 ham lot nhudn la:

1=p,Q +p,Q, —(Q +5QQ. +Q) =56Q +48Q -5Q' ~3Q, —5QQ,

Gial bai toan cuc tri ddi vai hai bién Qy, Q; ta xdc dinh
duge mure san lrong dé doanh nghiép dat loi nhuén tdi da la
(Qu: Q) = (96/35; 40/7). Khi d gia ban dé dat duge loi nhuan
t6i dalap, = 45, p, ~ 36.7.
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Bai tap chuwong 4

I. Tim mién xac dinh va biéu dién mién xdc dinh cdc ham sé
sau trén mat phfmg toa do

a. z=Inxy . 2:1"4._;(’_y’ c. z=/xlny  d. z={x.sir

d. e. h.

b . y—1 g 7=yx -y .

=t z=arcsi?— v z=arcsir?. +xy
VY Xy X

2. Tinh dao ham riéng cap mot cia cac ham s6 sau

b. c. d.

a. z=| tg—} ; s , >
‘{ X z:arctgv— z=In(X +Xy+y) Z=ln(x+\}X2+y2)
X

3. Ching té ham s6 z = y.In(x> - y?) thoa mén phuong trinh

X 'y y
4. Ching té ham s6 7 = fn(x* + Xy + y”) thoa man phuong trinh
0z oz

X—+y—=2
Ox% 5y
5. Tinh dao ham riéng cép hai cia cac ham sé sau
a. b, C. d.
3 X = I b 2
z:arctgl z=In(x" +y?) Z=x+y Z=§\/(X'+}")\
X y
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6. Tinh dao ham ciia cdc ham s6 hop sau

_ou =t 2 2
4. Z2=¢ yU=COSX. V=X +Y¥

b. z= ln(u2 + vz), U=Xy.v= X
7. Cho z = x’, hay ching minh x 0z 0z
8. Cho 7 = arctgz , hdy chirmng minh 6'3 + 84
X ax' ay‘
. 1 N , ., 0z
9. Cho z = In————, hay ching minh —+

Jx® +y’ X
9. Cho 7 =", hay tinh dz, d’z.

10. Tinh gan ding

a. 1(1.02)* +(0.05)

b. sin59°.cos61°

11. Tinh dao ham cac ham sb 4n xac dinh béi phuong trinh:

a.xe' +ye' —eV =0
b.x+yt+tz=c"

12. Tim cuc trj ctia cac ham sb sau:
a. 224()(-}')—x2—y2
b.z=x+y-xe

c.z=x+ 3xy2 -15x— 12y

dz=x'+y' - x’—2xy -y’
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e.z=2x4+y4—x2—2y2
fLz=(+y’)e
13. T im cuc tri c6 diéu kién cua cac ham so sau:
a.z=xy v diukién x +y=1
e A e )

b.z=x+2y voi dicukién X’ +y" =5

| B | 1 1
c.z=—+— v diéu kién —+~~ =

X vy X"y a

P

5

14. Tinh gia tri 16n nhét, nho nhat cia cac ham sb sau:
a.z=x" -y’ trong hinh tron x* + vy’ < 4
b.z= x2y(4 — X - y) trong hinh tam giac gidi han bdi cac duong
théngx=0‘,y=0‘x+y=6.
15. Cho biét ham loi nhuan ctia mét doanh nghi€p san xuat hai
loai san phdm la
m=160Q, —3Q7 -2Q,Q, -2Q? +120Q, —18
Hay tim Q,.Q, d¢ duoc loi nhuén ti da.
16. Mot hang doc quyén san xuat hai loai san pham. Cho biét
ham cau dbi vai cac loai san pham d6 la:
Qi =25-0.3p), Q2 =30-p;
voi ham chi phi két hop C=0Q +2Q,Q, + Q2 +20, hiy cho

biét mirc san luong Q,, Q, cho g1 nhuén t6i da.
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Chuwong 5

MA TRAN - PINH THUC -
HE PHUONG TRINH TUYEN TINH

§1. Ma tran
1. Dinh nghia ma trin

Mot bing s6 gom m X n phdn tir a;; 6 dang

ay,  ap ayy apy Ay ap,
d, a5, RS BN a, a a,
2] 32 2 = 21 22 2
n hoa,c n

aml amE o amn aml amQ anm

duge goi 1a mdt ma trdn cap m x n. Mo1 a; duoc goi la mot

phan ttr cua ma tran.

Ta dung cac chir cdi A, B. C,... dé dat tén cho cdc ma trén

v ta ding ky hiéu A=(a,] hoac A=a,| dékyhituAla

Imxmn X!

ma trdn cdp m x n va phan tir nam trén dong 1 va cdt j duoc ky
hléU la ajj.
I 5

Vi du. Az( |

4 . .
7] la ma tran cap 2 x 3, trong d6 cac phan

tfrcﬁaAléa” = 1,31225, 313:4, as| :—1, 322:3, 323:7.
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2. Cac dang ma tran

2.1. Ma trian vuéong

ay  ap ),
. . a8y Ay, R R
Khi m =n thi A= duoc goi 1a ma tran
a a a

vuong cap n.

Trong ma tran vudng A dudng chéo thir nhat ndi goc trén
bén tral vai gde dudi bén phai duge got la duong chéo chinh,
cac duong con lai dugc goi 1a dudong chéo phu. Vi tri cia cac
phfm tr a;; so voi duong chéo chinh dugc xdc dinh theo cac chi

sd i, j nhu sau:
e a, thudc duong chéo chinh khi va chi khii =]
* a nam phia trén duong chéo chinh khi va chi khii <]
e a,;nam phia duéi dudng chéo chinh khi va chi khii>j
2.2. Ma triin tam gidc

Ma tran tam gidc 1 ma trdn vudng co6 cac phan tr nam phia

trén hogc phia dudi cua dudng chéo chinh biang khéng.
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a, 0 - 0 ay A 4y,
a, a5, - 0 10 a, - a,

; - hoac : -
a'nI anE ann 0 0 ann

2.3. Ma tran dwong chéo, ma trian don vj

Ma trdn vudng A = (au) ~dugc goi la ma trdn dudng chéo

nxi
néu tat ca cac phan to nam phia trén va phia dudi dudong chéo

chinh déu bang khéng.

a, O 0

0 a,, 0
A=

0O 06 - a

umn

Ma trin duomg chéo ¢o tat ca cac phan tir thude duomg

chéo chinh bi’mg 1 dugce goi 1a ma tran don vi. Ky hiéu la E.

0 0

0 1 0
E =

0o 0 - 1
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2.4. Ma tran dong, ma trin cot

Khi m = 1 thi ma trdn A ¢6 dang A=(a,, a,, - a,)

dugc goi la ma tran dong.

g,

. . A , a M . 1
Khin=1 thimatrin Acédang A=| " | dugc goi la ma

ml

ya

{ran cot.
2.5. Ma trian khong

Ma tran khong la ma trén co tht ca cac phﬁn tur béng déu 0,
ky hiéu la O.

2.5. Ma trin chuyén vi

Cho ma trén A = (a,l )w, khi d6 ma trdn B={a } duoc

nxm

g0i la ma tran chuyén vi cia ma tran A. Ki hiéu la A".

1 5 4
Vidu A= thi A'=|S 3
0 3 2
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3. Hai ma trin biing nhau

Hai ma trdn A va B duoc goi 1a bang nhau néu chiang cung

cdp va cac phan tir cling vi tri bang nhau, tirc la:
i.A=(a,) ,B=(b,)
il. a; = b;; voI moi 1 va j.
Khi do ta viét A = B.

Vi du.

1 2 b
[ ]:[a ],nghfalfla'—‘l.b=2,c=3véd=4.
3 4 ¢ d

4. Céc phép toan d6i véi ma trin
4.1. Phép céng ma trin va phép nhin ma trgn véi mot sé

4.1.1. Phép céng hai ma wan. Cho hal ma tran cung cap

A= (a,J )m, B= (b‘J )m.\n- Téng cua hai ma trdn A va B 1a ma

trin ¢ap m X n duoc xac dinh nhu sau:

A+B=(a, +b,)

mxn
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1 5 4 2 3 4
Vi du. Cho A=[ ], BZ[ ]thi
0 3 1

3 2 1 -3
3 8 8
A+B=
b o)

4.1.2. Phép nhdn ma trdgn voi mot s6. Cho ma trin

A= (a” )mw va sb thue A. Tich cua ma trdn A vdi s6 thuc 4 1a

ma tran cép m x n dugce xac dinh nhu sau:
AA = (/1& B )nmn

Pac biétkhi 1=-1thi —~A=(-a,) dugc goi la ma trén ddi

cua ma tran A.

L3 |
Vi du. Cho A:[ jlhi 5A:(5 SJ
2 4 10 20

4.1.3. Tinh chat.

Cho A, B. C 14 cac ma tran cAp m x n va céc s6 thue a.B.
Khi dé6 ta co:

.LA+B=B+A

iL(A+B)+C=A+(B+C)

i.A+0=A
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iv. A+(-A)=0
v. LA=A
vi. a(A +B) =0A +aB
vil. (a+B)A =aA +BA
vill. (aB)A = a(BA)
4.2. Phép tric hai ma trin
Pinh nghia. Cho hai ma tran cling cip A = (a,J )m , B= (bIJ )m\n )

Hiéu cua hai ma trdn A va B 1a ma trdn c¢dp m X n duge xac

dinh nhu sau:

A= B = (a'J - b'J )mm

1 3 -1 -2 2
Vidu Cho A= ., B= thi A-B= >
2 4 0 4 2 0

4.3. Phép nhan hai ma tran

Pinh nghia. Cho ma trdn A = (a,J )m_m va B= (bu) . Tich cua

pxn
ma trdn A véi ma tran B 1a ma trin cdp m x n dugc xac dinh

nhur sau:

mxmn

p N
AB=[cU) . trong 46 ¢;; = Za,kbkJ véii=Iin, j=1l;m
k=1
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Chu y. Dé thuc hién phép nhan ma trdn vdi ma tran theo dinh

nghia trén ta cin lvu y mot s6 diém sau:

i. Chi nhan dugc AB khi sé 6 ¢ot ciia ma tran A phai

bang s6 hang cua ma trén B.

ii. Ma tran tich AB ¢6 sb hang bang so hang cua ma tran A

va co $6 cOt bang s6 ¢t cua ma trin B.

iii. Khi nhan AB va BA duogc nhung chura chic d3 co AB

= BA. ttrc phép nhén ma tran véi ma tran khong cé tinh chit

giao hoan.
Vidu.
1 3
f =2 3 9 15
® —]_ 0 =
-4 2 5 4 8
2 4

o (1 4{2] =(11)

Tinh chit. Véi gia thiét cac phép tinh viét & dudi day thuc
hién duoec, ta co:
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il.

1il.

1v.

AB+C)=AB+AC
A(BC) = (AB)C
k(AB) = A(kB)
(AB)' = B'A'
AE=EA=A

Trudng Cao dang héa chét

167



TOAN CAO CAP

§2. Dinh thire

1. Pinh thirc ciia ma tran vudng

Xét ma tran cap n

al] al’ a||\
A = a“1 azz a"n
a|\I an?. t a)m

Ta cha y dén phén tr a;;. bd di hang i va ¢t j ta thu duoc
ma trdn cap n — 1. Ta ky hi¢u 1a Mj; va goi n6 la ma tran con
cua ma trdn A ung vdi phan tir a;;.

Vidu.

¢6 9 ma trén con sau:

5 6 4 6 4 5
M, = ’ M,, = : M. =
8 9 ) 7 9 7 8
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2 3 1 3 1 2
M, = 5 M, = ; M,, =

8 9 7 9 7 8

1 2
M, = .

Pinh nghia. Dinh thirc cua ma tran A, ky hiéu 1a det(A) hoic

|A| dugc dinh nghia dén dan nhu sau:
A la ma trin cdp 1: A =(a,,) thi det(a) = a;,

A 1a ma tran cip 2: A = [a” Ia”] thi det(A) = a;,det(M,,) —

Ay dy

apdet(My;) = ay.ay —an.ay)

a;, ap a,,
. N Ay Ay ot A, .
Alamatrincipn: A=| ° " |thi
a, a, - 4

nl n2 nn

det(A) = a;.det(M;;) — aja.det(Myy) + ...+ (-1)" 'ay,.det(M,,)
(5.2.1)

Binh thirc cua ma trian cép n dugc goi 12 dinh thirc cfap n.
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Vidu.

2 “
¢« A= )J thi det(A) = 2.9| - 3.]8] = -6
8§ O

2 3
5 6 46
o A=|4 5 6 thidet(A)zl.\3 \2\ + 3.
8 9 7 9
7 8 9
45
430
7 8

2 Tinh chit cia dinh thire
2.1. Tinh chat 1

Dinh thirc cia ma tran vuong bang dinh thirc cia ma trén
chuyén vi cta né. tc la:

det(A) = det(A")
Vidu.

2 3 2 8
A :[ ] thi det(A)=-6; A" :[ ]thi det(A") = -6.
8 9 39
Viy det(A) = det(A").

Hé qua. Mot tinh chit da dung khi phat biéu vé hang cia dinh
thirc thi né van con ding trong khi ta phat biéu thay hang bai
cot.
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2.2. Tinh chiit 2

Néu trong dinh thirc ta déi ¢chd hai dong ( hay hai cot) va
gilr nguyén vi trf cua cac dong (¢ac cft) con lai thi dinh thae
d6i dau.

S 6 o
Vi du. ; I = -3, d61 chd hang mdét va hang hai cho nhau ta

duoc

~

3

/=3.

2.3. Tinh char 3

Mot dinh thire ¢6 hai hang (hay hai c6t) nhir sau thi bang
khong.

2.4. Tinh chit 4

Dua vao dinh nghia (5.2.1) va tinh chét 2 ta ¢6:

i. CO dinh hang the i ( i = 1. 2,...n) ta co
det(A) = > (-1)"'a det(M,) (5.2.2)

=1
ii. C6 dinh hang ther j ( j = 1. 2...0) ta cb:
det(A) =D (-1)'"a det(M, ) (5.2.3)
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y—

C(I‘mg thire (5.2.2) con dugc goi la khat trién cua dinh thire
theo hang i. cong thirc (5.2.3) con duoc goi 14 khai trién dinh

thae theo ¢ot ).
Vidu.

1 3
Xétdinhthirc -4 5 6
7 -8 9

Ap dung cong thae (5.2.2) véii = 3 ta co:

v 2 3
-4 5 6
7 -8 9
}i( 1)a,detM, ) =7 3 8!1 3l+o1 240
= — ) a. de = + = }
=1 ! . 6 “4 6‘ -
Ap dung cong thirc (5.2.3) véi j = 2 ta cé:
2
-4 5 6
7 -89
3 : -4 6 |t 3 |1 3
=Y (-1)"a,det(M,) = -2 v 18 7 =240,
1=1 B 7 9 7 9 —4 6
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Hé qua. Mot dinh thire ¢6 mdt hang (hay mét cdt) toan sd

khong thi bang khong
2.5. Tinh chit 5

Khi nhan cac phan tir ciia mot hang (hay mét cot) voi cung

mdét s6 k thi duge mot dinh mai bang dinh thire cii nhn véi k.

Hé qua. Khi cac phan tir ciia mét hang (hay mét cdt) c6 thira
s6 chung. ta co thé dua thira sé chung do ra ngoai diu dinh

thue.

Vidu.

-

‘2 5‘ ‘2 5 5
- =4(4-5)=—4
4 8 2

2
b= 4
41 42 ‘1

2.6. Tinh chiit 6

Mot dinh thire ¢ hai hang (hay hai ¢dt) ty 1é thi bang
khong.

2.7. Tinh chat 7

Khi tit ca cac phin tir ctia mot hang (hay mot ¢dt) cé dang
tdng cia hai s6 hang thi dinh thirc c6 thé phan tich thanh téng

cua hai dinh thuc, chéng han nhu:
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dy @, Fa, ay a8y dy),
. L= |+ s
&y Ay FAs| @y Ay| @y dyp
la +ay ap,+a,| |, ap, +a” ap,
a,, a,, Ay dy| |3y dy

2.8. Tinh chit 8

Khi ta cong béi k cia mot hang vao mot hang khac (hay
bdi k cia mdt ¢dt vao mot ¢t khac) thi duoc mot dinh mai

bang dinh thirc ci.

Vi du.

1 2 4 1 2 4 1 2 4
20+, —H,

-1 2 5 = ~1 2 5 o |=|-1 2 5|

> 3 L9142 2243 —24+1 o -1 _7

Chui y. Ap dung cach bién dbi nhur trén ta da dua dinh thire da
cho vé mot dinh thitc mdé1 don gian hon (cu thé la phén tr a;, =
0).

2.9. Tinh chit 9

Dinh thirc ciia ma trin cé dang tam gidc bing tich cac

phan tir nam trén duomg chéo chinh.
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; |
dy A, - alnl ia]l 0

0 a, ay _]aZI dy o

i _| _all'dﬁl""am\
: 0 0 ceoa ‘anl an2 ann‘

2.10. Tinh chitl0

Néu A. B la hai ma trdn vudng clng cap thi ta co det(AB)
= det(A)det(B)

2 3 12 14 1
Vz’du.ChoA:(l 1],B=[4 thidéAB:[ ]

A
-J) D

suy ra det(AB) = 45.

Mit khac ta ¢6 det(A) = -5, det(B) = -9, suy ra det(A)der(B) =
45.

Vay ta cO det(AB) = det(A)det(B).
3. Cach tinh dinh thire bing bién dbi so cip

3.1. Cic phép bién dbi so cip

Bién déi so cip Téac dung Li do

Nhan mét hang (hay mdt Dinh thirc nhan voi k | Tinh chat 3
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\ Déi chd hai hang (hay hai | Dinh thire ddi déu Tinh chat 2

Cong bdi k ciia mot hang | Dinh thiee khéng dbi | Tinh chat
(hay moét ¢dt) vao mot 8

hang (hay mét cot ) khac

3.2. Cdch tinh

Su dung cac phép bién dbi so cép dua dinh thirce can tinh

vé dang tam gidc, sau d6 ap dung tinh chét 9 dé tinh.

0 1 5‘
Vidu I. Tinh dinh thite 3 -6 9
2 6 1\
Taco
0 1 en, 3769 L=23
3 -6 9 = -0 1 s=-30 1 § =
R 6 1 2 6 11 2 6 |
1 -2 3
-30 1 5=
0 10 -5
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S10H, - H, 5 H,

3
= =30 ! 5 |=-3.1.1(-55)=165.
- 55

Vi du 2. Tinh dinh thtrc cap n co tit ca cac phan tor thudc
dudmg chéo chinh bang x, con tit ca cic phin ta nim ngoai

duomg chéo chinh bang a.

X a a al

a x a a

a a X a

a a a X

I'a co:
X a a - a x+(m-1)a a a -- ai
a x a - a a+(n-l)a x a .- a
C+C 1+ «C\>C

a a x -« a = a+(n-1)a a x - a
a a a - X a+(n-1)a a a - X
-H +H, o1,
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H,+H, >H,

1=23

Xx+(n-1)a a a

0 X-a
0 0 X-a
0 0 0

= [x +(n— l)akx —a)"",

178
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§3. Ma tran nghich dao
1. Dinh nghia

Cho A la ma tran vudng cip n. ma tran nghich dao cla ma
tréan A 1a ma tran vuong cfip n X thoa man diéu kién AX = XA =
E.

KihiduX=A",vay AA' =A'A=E.

]
Vi du. Ma tran (ﬂ

J
-2 |
Vi:
[3/2 ~1/2

I 2Y(-2 1 ) _ (-2 1 3(12)_(10
3 4 (372 —w2) (312 -1/2)13 4) (o0 1

2. Sir duy nhit ciia ma tran nghich dio

2 : Ly o
4] c¢6 ma tran nghich ddo la ma tran

Pinh li. Ma tradn nghich dao cia ma tran A (néu co) 1a duy nhat.
Chirmg minh.

Gia sir B va C d€u 1a ma tran nghich ddo cia ma trén A .

tire la:

AB=BA=E,AC=CA=E
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Tiur AB = E ta suy ra:

C(AB)=CE
= (CA)B=C
= EB=C
= B=C

3. Diéu kién ton tai ma trin nghich dao va biéu thirc ciia né
Pinh Ii. Diéu kién cin va di dé ma trin vuéng A =(a, ) coma

tran nghich dao 1a |A| = 0. Khi d6 ma tran nghich d4o ctia ma trin

A dugc tinh theo cong thic:

¢y Gy Cul
B 1 l C Cs Tt C,p y
= R - |, trong do
det(A) det(A)
cln c}n e ¢

¢, =(~1)""detM, ) v&i M; 1a ma trén con cua ma tran A trong

mg vl phén ur ay.

ou]r\.)_
oo L W

i
Vi dy. Tim ma trdn nghich dao cia ma trdn | 2
1
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Ta co det(A) =-1 =0 nén ma trin A tdn tai ma trén nghich
dao A™' duoc tinh theo cong thirc:

¢ Cn Gy
A 1 C' 1

T det(A) | det(A)

<

11 G €y

C1|:40, C|2:-13, C|“:-5

C212-16. (222:5. 023:2
cy =-9, C3p =3, c3= L
40 -16 -9 <40 16 9
vy ta duge A L -13 5 3 (=13 -5 -3|.
leso2 5 -2 -1

4. Tinh chit.

4.1. Tinh chédt I. Néu ma trin A ¢ ma tran nghich dao thi (A™'y!

=Ava|A|=|A]"

4.2. Tinh chat 2. Néu hai ma tran vuong A va B ¢6 ma trin nghich

d4o thi ma tran AB ciing c6 ma tran nghich dao va (AB)' =B'A™.

That vay, ta c6:

(B'AAB)=B'(A'A)B=B'EB=B'B=E
(AB)(B'A")=A"'BBHA=A'EA=AT'A=E
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Theo dinh nghia ma tran nghich dao ta suy ra B'A'1ama
tran nghich dao ctia ma tran AB.
5. Cach tinh ma tran nghjch dio bing bién d6i so cap

Pé tim ma trin nghich dao (néu cd) cha ma trin vuong

A= (alJ ) . trude hét ta lap mdt ma tran cép nx?2n

nxn

d, ap a,tl 0
a,, a, |0 1
(A‘En)z N . -
am dn‘ a 0 0 l

sau do sur dung cac phép bién doi so cép trén cdc hang nhu nhéan
mot hang vo1 mot sO khac khdng, cong bdi k cia mot hang vao

mdt hang khac dé dwa ma wran (A.E, ) vé dang:

1 0 0 ‘bll 13 bln

0 1 0lb, by, b,
(FH‘B): : h "

0 0 -~ 1 b -+ b

Khidé. matrin B = (bu )m chinh la ma tran A" cin tim.

Vi du. Tim ma trin nghich ddo ciia ma tran
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Ta co
21 11 0 0 1 -1 0l -1 0
(AE)=|1 2 1jo 1 o|—®=R511 2 110 1 0
4 0 20 0 1 4 0 200 0 1

BN

1 -1 0f1 -1 0
—H, +H, o, In,
—ReRoR sl 3 Y- 2 0 ——

0 4 2/-4 4 1

1 -1 011 -1 0

0 1 1/3-1/3 2/3 0 —thoto,

0 4 2]-4 4 1

1 -1 0

—eh2l 500 U 1/3|-1/3 2/3 0 —L—»
0 0 2/31-8/3 4/3

-1 0 -1 0
1 1/3-1/3 2/3 0
0 1|-4 2 3/2

]
0
0
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1 -1 01 -1 0

—éH\+H3—>HA. H.+H. =H
-4 |0 i 01 0 -1/2|—/—>
0 0 1-4 2 3/2

1 0 0|2 -1 —-1/2
0 1 01 0 -1/2{.
0 0 1|-4 2 3/2

Vay ma tran nghich ddo cua ma tran A la:

2 -1 =1/2
A'=l1 0 =1/2
-4 2 32
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§4. Hang cia ma tran
1. Hang cia ma tran

Xét ma trén cdp mxn

a, A e dy,
A= Ay Ayttt Ay,
a a a

ml m2 mn

Goi p 1a s6 nguyén duong thoa min 0 < p < min{m.n}, ta goi
ma trdn vudng cap p suy ra tir ma tran A bing cach bo dim —p
hang va n — p cot 1a ma trdn con cdp p cha ma trn A va dinh
thirc ciia ma tréan con d6 goi la dinh thire con cip p cia ma trén
A.

Chiiy. Cé C".CP dinh thirc con cdp p cia ma trdn A .

Vi du.

Xét ma tran cip 3x4

Trudng Cao ddng héa chét 185



TOAN CAO CAP

ta ¢c6 min{3,5}=3 suyrap =1, 2, 3.

Cac dinh thuc con cip 3 ctia ma trén A 1a:

1 -3 4 4 -3 4

2 1 1]=0.]2 =0, | 1 1 -0,

-1 -2 1 -1 1 =2 -2 1 =2
-3 2

2 1 4 ]=0

1 -2 -2

Cac dinh thirc con cdp 2 la:

1 -3 2 1
=7=0. ==3=0,...
2 l\ -1 =2

Pinh nghia. ITang ciia ma trdn A 1a cip cao nhit cua cac dinh
thirc con khac khong cia A. Ta ky hiéu hang cia ma trdn A 1a
r(A).

Vidu xétvidud phén 1 ta co cac dinh con cép 3 déu béng 0,

ton tai dinh thirc con cap 2 khac 0 nén r(A) = 2.

Tinh chit. Vi vdi moi ma trin vudng A ta déu cé det(A) =
det(A") nén r(A) = r(A").
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2. Cach tinh hang ciia ma tran bing bién 36i so chp
2.1. Ma trdan bac thang
Ma tran bac thang la ma tran co 2 tinh chat sau:

i. Cac hang khac khéng (tirc hang c6 phén tir khac khong) ludn
& phia trén céc hang khong (tre hang c6 tat ca cac phan tir déu
bang khéng ).

ii. Trén hai hing khac khong thi phan tir khac khéng dau tién &
hang dudi bao gid ciing nam & bén phai ¢ot chira phin tir khac

khong dau tién & hang trén.

Vidu.
1 5 3
Céc ma tran sau la ma trin co dang bac thang:;| 0 4 7],
0 0 0
1 9 6 -5
0 01 3
0 0 0

Cac ma tran sau khong phai 1a ma tran ¢6 dang bac

15 3) (1 9 6 =5
thang:|0 4 7(,|0 0 0 O
0210 o oo 7
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Nhén xét. Hang cua mot ma trgn c6 dang bdc thang dung

bang sé hang khdc khéng cua no.
2.2. Cach tinh hang cua ma trin.

Str dung céc phép bién doi so cdp vEé hang va cdt cia ma

trin nhu:
i Pbi chd hai hang, hai c¢ot ctia ma trén,
il Nhan mdt hang, mot cdt cua ma trdn vdi mot s0
khéc khong.
1. Cong bdi k cia mot hang (mot cdt) vao mot hang

(mot cot) khac.

dé dua ma tran can tinh hang vé dang ma tran bac thang. Can
clr vao sb hang khac khong ciia ma tran bac thang dé két luan

hang cua ma tran cén tinh.

Vidu I Tinh hang cua ma trdn sau

1 -3 4 2
A=2 1 1 4
-1 -2 1 =2
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Tacd
1 -3 4 2 1 -3 4
Hy<H,-»H;
2 1 1 4 | —=moH g 7 -7 0
~1 =2 1 =2 0 -5 5 0
. 1 -3 4
“Hy+H »Hy
—2 10 7 -7 0
0 0 0

Ma trdn cubi cung 13 mot ma tran bac thang ¢o6 hai hang

khac khong nén r(A) = 2.

Vidu 2. Bién ludn theo m hang ctia ma trin sau

Taco
11 1 -1 1 11 1 -1 1
Ao 2 mo-b2 | oEns 12 a1 2 m
112 -1 m -1 1 -1 -1 m 1
203 -1 2 1 2 11 2 3
2H +H, - H,
H +11,511,
I +H, 5 H,
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2H =+, - H,
H,+H,-H; 0

1 1
2H+vHy »H, I3 m+ 2 -Hy+H,—H,
0 0 0 m+l 2
0 1 3
-1 1 1
0 1 3 m+2
0 0 0 m+l
0 00 0 3-my

Néu m= 3 thi r(A) = 4. con néu m = 3 thi r(A) = 3.
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§5. Hé phwong trinh tuyén tinh
1. Hé phuwong trinh Cramer
1.1. Pinh nghia.
Xét hé phirong trinh véi n phurong trinh, n 4n sé co dang

a X, +a,X, +..+a, X, =b,

Inn

ay,X, +a,X, +..+a,x, =b,

2nta hd

a, X +a,X,+..+a, x,=b

nn n "

(5.5.1)
4, ap a4y, X b,
. R a, a, a X b,
Tagoimatrdan A=| " X=|""|. B= la
anl a’lQ o aun X n bn

ma trdn hé s, ma tran an va ma trdn v€ phai cua h¢ phuong
trinh (5.5.1).

Khi d6 véi phép nhin ma trdn véi ma tran, hé (5.5.1)

trong duong véi hé phuong trinh:
AX=B (5.5.2)

ta goi (5.5.2) 1a dang ma tran cia hé phuong trinh (5.5.1).
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Hé phiong trinh (5.5.1) dwoc goi la hé phuong trinh
Cramer neu dinh thirc ciia ma trén hé s6 A khdc khong.
1.2. Cdch giai hé phwong trinh Cramer
1.2.1. Phuong phap ma trgn

Xeét hé Cramer (5.5.2) AX = B. do ma trdn hé s6 A ¢o
det(A) # 0 nén dn tai ma tran nghich dao A”'. Nhan hai vé
ctia phuong trinh (5.5.2) véi A™ vé bén trai ta dugc hé thirc
tuong duong:

X=A'B (5.5.3)

Nhur vay hé (5.5.2) ¢6 nghiém duy nhit duge xac dinh bai
(5.3.3).
Vi du. Giai hé phuong trinh

X, +3%x, =2%,; =3

2%, + X, +3x, =6

3X, =X, +4x, =11

Ta cd. phuong trinh da cho tuong duong duong vai
phuong trinh AX = B, trong do:

1 3 =2 X, -3
A={2 1 31, X=|x, B=| 6
3 -1 4 X, 11
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do det(A) =20 = 0 nén hé di cho 1a hé Cramer.

Ma tran nghich ddo cia ma tran A 1a:

7 -10 11
A"=—1- 1 10 -7/,
20
-5 10 -5

Ap dung céng thirc (5.5.3) ta co:

X, 7 210 11)(-3 2
X=|x.|=aB="]1 10 -7lle!|=|-1]

’ 20

X, -5 10 -5l 11 ]

Vaiy nghiém duy nhét cia hé 1a (x,; x3; X3) =(2;-1; 1)
1.2.2. Quy tdc Cramer

Dinh ly. Nghiém duy nhat (x,; X25...3Xy) cia hé (5.5.2) duoc

xac dinh bdi cong thue

det(AJ) .
X, = ,1=12....n.
det(A)

trong d6 A; la ma tran cép n ¢o duge tr ma trdn A béng

céch thay cot thit j bdi ma tran vé phai B.
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Vi du . Giai hé phuong trinh Cramer

2%, +3x, +2X, =9
X, +2X, -3x, =14
3, +4x, +x, =16

2 3 2
Tacomatranhésd A=|1 2 -3|.ma tran vé phai
3 4 1
9
B=14
16
9 3 2 2 9 2
A =14 2 3|, A,=|1 14 -3,
16 4 1 3 16 1
2 3 9
A, =11 2 14
3 4 16

Vay hé phuong trinh ¢é nghiém duy nhét (X1: X35 X3) duogc

tinh theo cong thirc:
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_det(A))  —12
' det(A) -6
_det(Ay) _-18 .
P odet(A) -6
det(A,) 12
x,( = - = — = -
" det(A) -6

1.2.3. Phicong phap Gauss

Xét hé phuong trinh (5.5.1) cé dang ma tran (5.5.2) vai

ma trdn hé sd A.
a. Hé tam giac trén
Hé tam giac trén 14 hé phuong trinh tuyén tinh c6 dang

a,X, +a;X, +..+a, x, =b,

In“*n

ayX, +..t+a, X =Db,

Inn

a x =b

on n n

cO ma tran hé so6 1a mot ma trdn ¢ dang tam gidc

ay A, -t Ay
0 a, - a,
0 0 O a
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v6i gia thiét a; # 0, viéc giai hé phuong trinh ¢6 dang tam gidc
r4t don gian, phuong trinh cudi cho ngay x,, phuong trinh lién

ké cho ta x,.... phuong trinh dau cho ta x,

b. Cach giai. Ta 1ap ma trin (A\B) cap nx(n + 1) co dang

an ap aln!bl
(AIB)Z @y a,,|b,
a a, a_1|b

sir dung cac phép bién ddi so cap trén hang bién dbi ma tran
(A\B) sao cho ma tran c¢6 dang tam giac. Hé tam giac cudi ciing
thu dugce twong duong véi h¢ phuong trinh da cho, giai hé tam
gidc nay ta dugce nghiém cua hé phuong trinh da cho.
Vi du. Giai h¢ phuong trinh

2%, +4x, +3x, =4

3X, +X, —2x,; =-2

4x, +11x, +7x, =7

Ap dung cac phép bién dbi so cip vé hang tac dong 1én ma

trén (A[B) dé dua ma trdn A vé dang tam gic. Ta co:
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2L, +HSH

2 4 3|4 )-rsHeHon, (2 4 3| 4
06H,+H, »Hy
31 =2/-2 ~ 0 -5 -6.5-8 ~

4 11 7|7 0 3 I |-1
2 4 3 4

0 -5 65 -8

0 0 -29-528

Vay hé da cho tuwong duong voi hé phuong trinh

J 2%, +4x%, +3x, =4 X, =1
-5%, =6.5x;,=-8 & x,=-1.
[ -2.9x, =-58 Xy =2

2. Hé phwong trinh tuyén tinh tdng quat.

2.1. Dinh nghia.
Hé phuong trinh tuyén tinh tdng quat 1a hé gdbm m phuong

trinh v&i n an 80 Xi. X3, ....X, cO dang:

apX,+a,xX, +..+a, x, =b,
a, X, +a,X, +..+a,x, =b,
’ -7 - " (5.54)

am[XI +am2x2 +‘”+amnxn = bm
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trong do a; 1a hé s6 & phuong trinh thir i cia 4n X;, bj 1a vé phai
cua phuong trinh thir 1.

Khi m = n thi hé (5.5.4) 12 mdt hé vudng gbm n phuong trinh
v6i n 4n sb.

Khi b= 0 Vi = 1,2,...n thi h¢ (5.5.4) dugc goi la hé phuong

trinh tuyén tinh thuan nhat.

a, ay a,, X, b,
e . n a, a)g az, X, bz
lagoimatran A=| °' ° . X=[ 7], B=]| .
aml amz e amn Xn bm
a,, ap, a,|b,
— la a,, - a,|b . N .2
A= 7 172 1 1a ma tran hé s0. ma tran an, ma
£"ml am} T a||1|| m

tran vé phai va ma tran b6 sung cia hé phuong trinh (5.5.4).

Khi d6 vgi phép nhdn ma tran véi ma tréan, hé (5.5.1) tuong

duong véi hé phuong trinh:

AX =B (5.5.5)
ta goi (5.5.5) la dang ma trdn cua hé phuong trinh (5.5.4).
Vidu.
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2 3x,=3x, =5 : . .
. { XXy T la hé gom hai phuong trinh vai 3

~X, +2X, +x, =4
an so.

- X, +2x, =1
o 2x, +x, =0 lahé gom ba phuong trinh véi 2 4n sé.

3%, =X, =5

3, +x,=0 . . L 3 4
. ’ 0 1a hé phuong trinh tuyén tinh thuén nhat.
X =X, =

2.2, Didu kién c6 nghiém

Pinh 1i Kronecker-Capelli. Diéu kién can va dia dé hé (5.5.4)
co nghiém 1a r(A) = r(A).

Ta cong nhén dinh |i trén.

Chu y. Tl dinh i ta suy ra:
o 1(A)=r(A) thi hé (5.5.4) vo nghiém
e r(A)=r(A)=n thihéco nghiém duy nhét.
e r(A)=r(A)<n thi hé c6 vo sd nghiém.

Vi du. Xét hé phuong trinh
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X, +2x, +ax; =3
33X, — %X, —ax, =2

2%, +X, +3x, =b
a. Xac dinh a, b d hé c6 nghiém duy nhat.
b. Xac dinh a, b dé hé ¢6 vo sb nghiém.

c. Xéac dinh a, b & hé vo nghiém.

Giai.
1 2 al3
Xét matran bo sung A=|3 -1 -a|2|, tacé:
2 1 31b
- 1 2 a 3 -3H,+H,—>H, 1 2 a 3
A=|3 -1 -agl2| 2=yl -7 —4dal-7
2 1 3|b 0 -3 3-2ab-6

| I a 3
>|0 -7 —4da|-7
0 0 3-2—ab-3
7

R
SHH =,

a. Dé hé ¢6 nghiém duy nhét thi

r(A)=r(—A—)=3<:>3—27a¢0<:>a * %
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b. Pé hé c6 vo sb nghiém thi r(A) =r(A) <3, do p(A)=2 vi

P R . A 1R ..
ton tai 4= -7 = 0 nén hang ctia ma tran bd sung phai
. N 13- 2a =0 a=21/2
bang 2. Diéu nay tuong duong vai 7 =
b-3=0 b=3

c. Dé hé vo nghiém thi r(A) = r(A), diéu nay twong duong

..{3__23_0 {a=21/2
voi 7 &

b-3#20 b=3
, , #2172
Két lugn: Hé c6 nghiém duy nhét thi {a
(S
c o [a=2112
Hé c6 vo s6 nghiém thi { b3

ia . 1a=21/2
Hé vo nghiém thi J° .
b#3
2.3. Cdch gidi hé phicong trinh tuyén tinh téng qudt

Xét hé phuong trinh (5.5.5) vdi r(A)=r(A)=k <n.Néu k
= n thi (5.5.5) chinh la hé phuong trinh Cramer.

Trudng Cao dding héa chét 201



TOAN CAO CAP

Néu k < n thi khi d6 trong A tén tai mot dinh thitc con cép k
khac khoéng ta goi dinh con do6 la dinh thitc con chinh. Cac
phédn ti ctia dinh thirc con chinh nam & k phwong trinh ta gei la
cac phuong trinh chinh va 1a hé sb cia k an goi 14 cac 4n
chinh. Céc 4n con lai goi 1a 4n phu. Khi d6 hé da cho twong
duong véi mot hé gdom k phuong trinh ta goi 1a hé con chinh.
Trong hé con chinh ta chuyén céc 4n phu sang vé phai ta dugc
hé gom k phuong trinh véi k 4n. Giai hé con d6 ddi véi 4n
chinh ta dugc nghiém cua hé phu thudc vao vé phai vi cac an

phu.

Chi y. Néu da dua ma trin bd sung A vé dang bac thang thi ta
nén ldy mét dinh thire con cip k khac khong ciia ma trén bac
thang lam dinh thire con chinh.
Vi du. Gial hé phuong trinh

X, + 5%, +4x, +3x, =1

5%, +3x, +8x; +x, =1

«l2xl—x2+2x3—x4 =0

Tacomatranhésdo A va A la
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1 5 4 3 1 5 4 3|1
A=[2 -1"2 ~1|,A=l2 -1 2 -10
5 3 8 1 5 3 8 1]1

dé thdy r(A)=r(A)=2 nén hé di cho c6 vo sb nghiém. Chon

1
2

tuong duong voi1 hé phuong trinh:

5
1‘ =-11#0 lam dinh thirc con chinh, khi d6 hé di cho

14 2 1

=t S+ —

111 11

X, +5x, =1-4x; -3x, 6 7 2

2 K Py 2:___t__s J—

2%, =X, = =2X, + X, 1111 11
x;=teR
L x,=seR

3. H¢ phwong trinh tuyén tinh thuin nhét
3.1. Pinh nghia. Hé phuong trinh tuyén tinh thuén nhat 13 hé
phuong trinh c¢6 dang

a,x, +a,X, +..+a, x =0

fn*n

ay X, ta,X, +..+a,x, =0

2n““n

(5.5.6)

a,X,+a,X;,+..+a_x =0
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dang ma trdn 12 AX = O, trong d6 A 1a ma tran hé sb, X 1a ma

tran an, O 1a ma trin vé phai.

Nhin xét. Hé phuong trinh (5.5.6) luén cé mot nghigm (x, X»,
. Xn) = (0,0, ... ,0) goi la nghiém tam thudng.

3.2. Diéu kign tén tai nghiém khong tam thwong

Pinh li. Diéu kién cin va du dé hé (5.5.6) cé nghiém khong

tam thuong la hang cia ma trdn hé sé cua n6 nho hon s6 an,

tirc 1a r(A) <n.

Hé qua 1. Mot hé phuong trinh tuyén tinh thudn nhat véi sd
phuong trinh bang s6 4n ¢6 nghiém khéng tam thuong khi va
chi khi dinh thirc cia ma tran hé sé bflmg khdng.

Thdy vay. khi m = n thi ma trdn hé s cua hé la ma tran
vudng cip n. Hang cia ma tran vuong cép n nho hon n khi va
chi khi dinh thirc ctia né bing khéng.

Hé qua 2. Moi hé phuong trinh tuyén tinh thuan nhat véi 50
phuong trinh nho hon s6 dn déu c6 nghiém khong tim thuong.

Thay viy. hang cta ma tran hé sé cia hé khéng thé vurot
qua sé phuong trinh ctia hé. tirc 1a ((A)<m. Do dé néum <n

thi didu kién r(A) <n dugc thoa man.
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Vi du. Tim diéu kién dé hé phuong trinh sau ¢6 nghiém khéng
tam thuong
ax+y+z=0

2x+3y+5z2=0

x-y+az=90

Ta c6 ma trin hé s6 cua hé phuong trinh 1a

a 1
A=12 3 5
] -1 a

dé hé chi c6 nghiém tam thuong thi det(A) # 0. diéu nay tuong

duong vai
Ja(a+ 1) =0

o a=0vaa =-1.
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Bai tap chuong 5

12 -1 4 3 -] 31 -1
1.Cho A=|5 4 7 {,B=| 1 9 2|.C={6 8 2|,
0 2 -2 0 1 -2 1

hay tinh (A + B) + C, 5A, A".

2. 13y nhan cac ma tran sau

1
1 3Y2 0 13
a.[ °]{ J b.4—1( j c.[20 -1 4)
5 7h4 8 0 7
305 3

2 1y cost —sim)
-3 =2 —sim  cost
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2. h

0 0 1) (a 0 1Y
1 00 0 a 0
010 b 0 a

4. Chimg minh ring ma tran A = [a
C

b
d] thod man phuong trinh
X> - (a+d)X + (ad - be)E = 0.

5. Tinh céc dinh thire cdp hai.cép ba sau

d. c.
1 4 0 5 5 2
: : c. —si -
5 7 46 4 3 ‘ cosx —si tgo. 1
[—simt  cod 1 tgo
g. h. i k. h
1 I 1 {0 1 1 1 -1 =1 X a a a X X
-1 0 1 1 0 1 |- & -1 fa x - X X
-t -1t 0o 1 1 0 [V -1 1 J-a -a x X c
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6. Tinh dinh thirc

‘140.1433 1 2 3 4 3111
3 2 0327 7 2 3 4 | 1 3 1 1
a. b. c.
4 6 0.468 8 34 1 2 1 1 3 1
7 5 0759 9 4 1 2 3 1 11 3

0 x y z

0

d‘X Zy

y z 0 x

z v x 0

7. Biét rang cac s 204, 527, 255 chia hét cho 17. Hay chimg
minh:

2 0 4
5 2 7:17
2 5 3
8. Giai cac phuong trinh
1 x x? x x 1 23
1 2 3
L2 8 bl X 0
1 3 96 27 1 2 x 3
1 4 16 64 1 2 3 x
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9. Tim ma tran nghich dao clia cac ma tran sau (néu c0)
2 -1 2 1 2 4
a. b. C.
cosa —sina
d. [ . . }
—sina  cosa

e.|2 1 -2 g -1 0 1
-2 1 -1 -1 0

=
- N
L —

-1

10. Cho ma tran chéo

a, 0 .- 0
0 a,, .

A= B . trong d6 a.a...a,, #0.
0 0 - a

nn

Hay tim ma tran nghich ddo ciia ma trén A.
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11. Giai cac phuong trinh ma tran sau
1 3 1 0 -1 1 -2 -1
S0 o (I P S P
1 1 1 1 3 -4 3 4
3 -1 5 6 14 16
X =
[5 —2} [7 8} 9 10]

2 2 3 0 0
d -1 0|X=;0 0
-1 2 0 0 1
31 1 6 2 -1
e. |21 2 X=6 1 1
1 2 3 8§ -1 4

12. Tim hang cda cdc ma trin sau

1 2 3
4 5 6
7 8 9
10 11 12

a.

[\
el ~ LY I ]

3
4
1
2

w N = A

13. Tim hang cua cadc ma trdn sau tuy theo gia tri cua 4
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7-2 -12 6 1 4 -1 2
a.| 10 -19-4 10 b.|2 -1 24
12 -24 13-4 1 10 -6 1
-2 1 2 3o
C.l 1 -2 3 2 1
2 3 -4 1
32 L -4
14. Giai cac hé phuong trinh Cramer sau
2Xx -2y —z=-1 X-y+z=1
a. y+z=1 b. {2x+y+z=2
—X+y+z=-1 3IX+y+22=0

2x—-y—-z=4
C. 3x+4y—-2z=11
3x -2y +4z=11

15. Giai cic hé phuong trinh tuyén tinh sau

2%, +3x, +1Ix, +5x, =2
X 4+ 2X, - X, + X, =4 )

a. | 4x,+3x,-x,+2x,=6 b, X, tX, +5x; +2x, =1
Bx |, +5x, —3x, +4x, =12 2%, + X, +3x; +2x, =3
X, +3X, 2%, +2x , =6 X, +X, +3x; +4x, =-3

X, —2%, + X, +x, =1
C. <X, —2X,+Xx,—X,=-1

X, —2X, +X;+5x, =35
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16. Giai va bién luan cac hé phuong trinh tuyén tinh sau

mx+y+z=1 Xx+y+z=1
a. ¢ X+my+z=m b. 4 2x+3y+az=4
X+y+mz=m’ 4% +9y +a’z=16

X+y+(l-m)z=m+2
c.q¢ (1+m)x-y+22=0
2x -my+3z=m+2

17. Xac dinh a dé hé sau c6 nghiém khong tam thuong

ax—-3y+z=0 ax+y+z=0
a. 7 2x+y+z2=0 b. <2x+3y+5z2=0
35x+2y-2z2=0 X-y+az=0

(l1—ax+2y=0
" 2x+(d-ay=0
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Chwong 6
KHONG GIAN VEC TO

§1. Véc to' n chiéu va khdong gian véc to

1. Khai niém véc to n chieun

Dinh nghia 1. Méi bo 50 thure ¢6 thir tu (X). Xs. ..., X,) dugc

g0i1 1a mot véc to n chiéu.

Ky hiéu cdc véc to n chiéu bdi %.¥,Z.... chang han dé ki

hiéu véc to (X, X3, ..., X,) ta viét:
X = (X1, X2 +++y Xp) hOEC X (X1, X2, o0 Xy)

Pinh nghia 2. Hai véc to X(X|, X3, .. Xn) V& ¥ (Y1 V2, --+0 Vi)
duge goi la bang nhau khi va chi khi x; = y; véi moi i = 1,
2.....n.

Dé ki hiéu hai véc to X va v bang nhau, ta viét x = ¥ .
2. Cac phép toin véc to
2.1. Dinh nghia phép cong va phép nhin véc to véi mét sé

2.1.1. Phép cong hai véc to
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Pinh nghia.'I'ong cua hai véc to n chiéu x(x;, X3, ..., X,) va
Y(Y1. Y2- ---» Vo) 12 mét véc to n chiéu, ki hiéula x +y va

duoc xac dinh nhu sau:
X +y = (X1 T Y. X2ty oo Xg H Y0
2.1.2. Phép nhdn véc to véi mot 56

Pinh nghia. Tich cua véc to n chiéu X(X;. X3, .... X,) V&1 mot
s thue « 1a mot vée to n chiéu, ki hiéu la a.X va dugc xac

dinh nhu sau:
X = (X, ,0.Xyeen0.X )

Vidu. Cho hai véc to x(3:-1;5;3)va y (0:5;4; 5). khidota

co:
X +y =(3:4;9;8); 2x =(6:-2:10;6).
2x +3y =(6:13;22;21).
2.2. Véc to khng va véc to @bi ciia mét véc to
2.2.1. Véc to khong.

Pinh nghia. Véc to khong 1a véc to co tat ca cac phe\fm tr déu

bing khong.
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Trong tip hop cac véc to n chiéu (voi n ch dinh) c6 mot
véc to khong duy nhét ki hiéu la 6 hoac 6.
0,=(0;0;...;0)
2.2.2. Véc to doi cua mét véce to.

Dinh nghia. Véc to doi cda mot vée to X (x|, Xy ..., X,) la tich
cua véc to do vor so -1. Ta ki hiéu véc to doi1 cua vée to X 1a -

X.
-X = (-1)‘—( = (-X|. =X2, s -Xn)
2.3. Cdc tinh chit diic trung ctia phép céng va phép nhin véc
to vii mot sé
Gia s\t %,v.Z1a cac véce ton chidu, a va £ la cac s thuc

bat k¥. ta co:

1. Xty =¥V + X

ii. (X Ty)y+z=xX+(y + z)
1i. X+0=%

iv.  ®+(-%)=0

\% l.x =x
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Vi. a(x +y)y=axX+ay

<l

vii. (@ +p)X=aXx+ BX
vill. (@ B)X = a(fX)
2.4. Phép trir hai véc to

Dinh nghia. Hi¢u cua hai véc to n chiéu X(X1. Xa, ..., Xp) VA
V(Y. Y2 -..- V) 1A mot vée to n chiéu, ki hiéu 1a x-¥y duoc
xac dinh nhu sau:

X g: ( y)—(X| ylsx2'y2a--->xn'yn)'

Vidu. Cho hai vée to X(3;-1:5; 3) va y(0: 3:4; 5). khi do ta
co x—y =(3:-6; 1;-2).

3. Khéng gian véc to so hoc n chiéu, khéng gian con

3.1. Khéng gian véc to sé hoc n chiéu

Pinh nghia. Khong gian véc to sé hoc n chidu 1a tap hop tit ca cac
vée to n chiéu, trong do phép cong véc to va phép nhén véc to véi

mot s6 duge xac dinh va thoa man 8 tinh chat nhur trén.

Ki hiéu khong gian véc 1o sd hoc n chiéu 1a R",
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3.2. Khong gian con

3.2.1. Pinh nghia. Cho R" 13 khong gian véc to sé hoc n chidu
va Vz ¢ la mot tap con cua

R". Néu véi phép cdng véc to va phép nhan véc to véi mot sb,
V cing 1 mgt khong gian véc to thi ta goi V la mdt khong
gian con cua R"

3.2.2. Piéu kién dé V la khong gian con ciia R
Pinh li. Cho R" 14 khong gian véc to sé hoc n chiéu va Vz ¢
14 mdt tip con cia R". Didu kién can va du dé V 1a khéng gian
véc to concua R" 1a :

i. V kin dbi véi phép cong véc to, tirc 12 vai hai vée to
X.v bét ky thudc Vtaludbn cé x+y e V.

ii. V kin déi vai phép nhin véc to vé1 mot $6, tuc la véi
moi véc to X e V va moi sd @ taco axe V.
Vidu 1. Ban than R" cling 1a mét khong gian con cua R" va tdp
hop mot véc to khdng cling la mét khong gian con caa R”.
Vi du 2. Trong khéng gian 3 chiéu R? ta xét tap hop V = {x(x;;

Xa; X3): aX; + bx, +cx3 = 0}, trong d6 a, b, ¢ 1a cdc so thyc cho

truée 1a mot khong gian con cia R,
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Thay vay, vé1 x(x(; X3 X3), ¥(yi; ¥2: y3) €V ta ¢6 ax; +
bx; tex; =0, ay, + by, +cy; =0,
suy ra a(x; +yy) + b(x; + y) te(x3 + y3) = (ax + bx, +ex;) +
(ay; + by, +tcy3) = 0. Diéu nay chimg td X+y = (x; +y;, xo +
Y2. X3t y3) eV,

Lai ¢ a( x;) + b(a x3) +c{a x3) = a ( ax; + bx, +ex;) =

0,suy ra a.X €V voi « 1a mét sé thuc bat ky.

Viy theo dinh Iy trén ta c6 diéu phai chiing minh.
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§2. Cac mbi lién hé tuyén tinh trong khong gian véc to

1. Khai niém t6 hop tuyén tinh va phép biéu dién tuyén
tinh

1.1. Khdi niém 16 hop tuyén tinh

Pinh nghia. Trong khdng gian R" cho m véc to' X,.X,,...X, vam
s6 thuc bat ky a,.a,..a,. Khi d6 ta goi tong
a,%, +0y%, +..+0, X, la mdttd hop tuyén tinh cha cac véc to
X, X, X, . Cac sb 0,,a,,....a, duoc goi la cac hé sé ciia td hop

tuyén tinh do.

Tir cac véclo X,.X,,...%, ta ¢ 6 thé lap duge vo s6 cac to
hop tuyén tinh (mdi bd hé sé a,.a,,....a, cho turong ng mdt t
hop tuyén tinh cua ching) vi mdi td hop tuyén tinh cha cac véc

t0 X,,X,,....X,, 12 mot véc to n chiéu.
Dé thiy rang:

i. Tong hai td hop tuyén tinh bit ky cia cac véc to

X,: X4, Xy 12 mOt t0 hop tuyén tinh cia cac vécto do.
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(al;(l +u‘2§2 +"‘+am)—(m)+ (Bl;(l +ﬁ2;(‘2 +"'+Bmim):
= (a, +B,)X, +(a, +B,)X, +...+(a, +B,)x,,-
ii. Tich cia mdt t hop tuyén tinh bit ky cia cic véc to
X, X0 X, v6i MOt s6 B bat ky 12 mdt td hgp tuyén tinh cla cac
véc to o.
Blo,X, +a,X, +..+a X, )= (B.0)X, +(fa,)X,+.+(fa,)X,
Tir hai tinh chét trén ta c6 dinh ly sau:

Pinh li. Tap hop tat ca cac t6 hop tuyén tinh clia cac véc to n chiéu

X5 X5y X, cho trde 12 mot khong gian con ctia khong gian R”.

1.2. Phép biéu dién tuyén tinh

Pinh nghia. Ta néi rang véc to % ¢ R" biéu dién tuyén tinh qua
cac Véc to X,,X,,....x, khi va chi khi ton tai mot t& hop tuyén tinh
clia cic véc to X,,X,....,X, b:;'mg %, tirc 1a ton tai cac sd thuc

a,,01,...,a, Sao cho:

X = alx1 +U’2x2 +'”+0‘an

]
Dic biét, néu véc to X biéu dién tuyén tinh qua mot véc to §

(X =a.y)thitandivécto X ty lé voivécto y.
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Vidu Vi X,,X,,...,X, 1a cac véc to n chiéu bat ky ta ludn co6

6, = 0.8, +0.%, +..+0.%,,, ta goi td hop tuyén tinh trén 14 t& hop
tuyén tinh tm thudng.

Pinh li. Néu véc to X bidu dién tuyén tinh qua cic véc to
X5 X oy X VA méi véc to X, (i= ﬁ) biéu dién tuyén tinh qua

che véc o §,,¥,,..,¥, thi % biéu dién tuyén tinh qua céc véc to
VisYaen Yy
Chimg minh.

Tir gia thiét ta c6 ¥ bang mét td hop tuyén tinh nao do cia
cac véc to, tic la:

X=0,X, +0,X, +..+0,X

m°tm

Do cic vée to X, (i= 1;m) bidu dién tuyén tinh qua Yi-Yar Y,

nén mdi véc to o,.X, (i=1;m)la mot to hop tuyén tinh cila

Yi-¥3,Y,. do d6 X la biéu difn tuyén tinh qua cac véc to

5/,,')72,...«yp )
2. Doc lap tuyén tinh va phu thuge tuyén tinh

2.1. Pinh nghia. Trong khong gian véc to R”, ta goi hé véc to

%,,X,.... X 14 doc lap tuyén tinh
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néu hé thic o% +a,X, +..+a %, =6 chi xdy ra khi
a, =a, =..=u, =0. Nguoc lai, néu ton tai «, =0 nio do dé
o,X, +0,%, +..+a X =0 thitandi hé véc to X,,X,,..X,, la
phu thudc tuyén tinh.

Vi du. Trong khéng gian R? cho hé 3 véc to %, (2: 0). X,(0; 4),
X, (4; 4) thi dé thay hé {%,.X,} la doc 1ap tuyén tinh, hé ba véc

to { X,.%,.% } la phy thudc tuyén tinh vi 2.X, +%,-%,=6.
2.2. Cdc tinh chdt
2.2.1. Hé gdm mdt vée to {,} chi phu thudc tuyén tinh khi va chi
khi {x,}=9.

Thay vay, vi 1.0 =6 nén hé {x,} phu thujc tuyén tinh. Nguoc
lai. gia sir hé {x,} phu thudc tuyén tinh thi cé a 20 dé ., =6 ,
suy ra x, =6.
2.2.2. Voi m > 1. hé m véc to X,.%,...,X,, phu thudc tuyén tinh

khi va chi khi mdt véc to nao dé cia hé biéu thi tuyén tinh dugc

qua cac véc to con lai.

Théy véy, gid st hé x,,X,,....X,, 1a phu thudc tuyén tinh, khi

do ton tai cac o,,a,....,a, khong déng thoi bang khong sao cho
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@,X, +a,%, +..+a, % _ =0 . Khong mét tinh tong quat ta gia sir
a, # 0 khi d6 ta c6 X, biéu dién tuyén tinh dugc qua cic véc to

con lai. tire 1a:

Ngugc lai. gid st mgt vécto nao do cua hé X,,X,,....X,, bicu
dién tuyén tinh dugc qua cic véc to con lai, khéng giam tong tong

quat ta gia sur la x,, e 1a:

< (DX, +a,X, +..+a,x, =0

m n?*

tohop tuyén tinh & vé trai ¢6 @, =~1= 0, do d6 hé %,,%,.....X,, 12

phu thude tuyén tinh.

2.2.3. Mdi hé con cua hé vée to ddc lap tuyén tinh cling 12 mot hé
véc to doc 1ap tuyén tinh.

2.2.4. Mdi hé véc to chira mot hé con phu thudc tuyén tinh cling la
mdt hé véc to phu thudc tuyén tinh. Néi riéng, mdi hé ¢6 chira véc

to 4 déu phu thude tuyén tinh.
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2.2.5. Gia sirhé %,.%,,....%X,, doc lap tuyén tinh, khi d6 hé

X,,% 5, %,,,f phu thude tuyén tinh khi va chi khi vécto 8 biéu
thi tuyén tinh dugc qua hé %,,%,.....X,. va bidu dién do 1a duy
nhat.

2.2.6. Moi hé véc ta n chiéu vdi sb véc to 1on hon n déu phu

thudc tuyén tinh.
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§3. Co sé ctia khong gian véc to

1. Khai niém co s& ciia khong gian véc to

Pinh nghia. M&i hé véc to n chiéu doc l4p tuyén tinh va co sb
véc to dung bing n duoc goi 14 mot co sd clia khong gian R".
Vi du. Trong khong gian R’ moi hé g(‘)m 3 vée to khong dong
phéng 1a mot co s¢ cua nod.

Pinh li. Gia st {%,,%,.....%,} 12 mdt co s¢ trong khong gian
véc to R" . Khi d6, moi vécto x € R" déu biéu dién duge duy

nhét duoc dudi dang mét td hop tuyén tinh la:

X=0,X, +0,X, +...+0 X ., e Rvoimoii=1:n.
2. Toa d§ cia véc to trong mgt co s&
Cho mot co sé cua khong gian R” [a:
&%,y X, ) (6.2.1)

Khi do, mdi véc to x e R" cho twong trng duy nhéat mét bd n sé

thuc cé tha tu (¢,,a,....,a,) thod man hé thic:

X =0 X, +0,X, +..+a,X (6.2.2)

n"-n
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Dinh nghia. Bo n sd thuce ¢o thir or (a,,a,,...,a,) thoa min hé

thure (6.2.2) dugc goi la toa d6 cha véc to x trong co so (6.2.1).

Vi du. Cho h&¢ 3 wvéc to {R.%,.%,] Véi
X, (1:2:1),X,(2:9;0).X,(3:3:4) la mdt co s& trong R’ [Tay tim toa

do cia vécto V(5;-1;9) doi vai cosd {X,.%,.X,}.

Gia st (a,,a,,0;) la toa do cia véc to v(5;-1;9) doi vai co sa

{%,,%,,%, }, tire 1a:

< (5:-159) = o (152:1) + a5 (2:9;0) + @, (3;3:4)
< (5:-1,9) =(a, + 20, +3a,: 20, +9a, +3a;;a, +4a;)

a, +20,+30,=5
< 2a, +9a, +3a, =-1.

o, +da; =9
gidl hé nay ta duge (a,0,,0,)=(1;-1;2).

Vay toa do cia véc to v(5;-1:9) dbi voi co so {i,,iz,il}la(l; -1;
2).
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3. Co s cia khong gian con

Cho V la mt khdng gian con ctia khong gian R". Hé véc to
{X,.%,....% } cta khong gian con V duogc goi 1a mdt co ¢ ciia nd

néu thoa man hat diéu kién sau:

i. {%,.%,.....X,} ddc lap tuyén tinh

Vi du Trong khong gian R® xét tap hop V gbm tét ci céc véce to ¢6

cao do bang khéng, tirc 1a:
V= {)7:‘)"( =(x‘;x2;0)}
a. Chimg minh V 1 mot khong gian con ctia R
b. Tim mdt co s& cua khong gian con V.
Giai.
a. Taco x(1;1;0)eVnéntaco V4.

Gia str %,y la hai véc to bét ky thudc V va A 1a mot sd thue

bat ky, tire la:
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X=(x,1%530),y =(y,3y,:0).
Khi d6 ta ¢o
X+Y = (X3%530) +(¥)3Y5:0) = (X, +Y3X, +Y 500 €V,
X =(4X,1hx,:0)e V.
Theo dinh nghia khong gian con ta ¢6 diéu phai chimg
minh.
b. Gia str X(x,;x,:0) 1a véc to bat ky thudc V, khi d6 ta luén
co:
X(x,3%5:0) = x,(1;0:0) +x,(0:1;0)
dé thiiy ¢,(1;0;0) va &,(0;1,0) 1a hai véc to thudgc V va doc lap

tuyén tinh. Vay theo dinh nghia ta c6 {¢,;¢,} la mét co sé cua
V.
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I.

Bai tap chwong 6

Trong khéng gian véc to R* cac tap sau c6 phai la khong

gian véc to con khong?

L

C.

3

Az{(x,;xz;xl)lx] +X, +X, =0}

: Bz{(x];xl;x?\)‘x, +X, +X, =1}
. C:{(xl;xl;xj)px, =X, +X, =0.x, +x., —4x, =0}

. Dz{(x,;XE:XR)‘X, =O}

D= {(xl;xz;xl)b(2 :()}

.Tim s6 A dé véc to % biéu dién duoc qua cac vée to con lai

R(2-10). X,(4;3:2), X, (~1;-1:-3)

- X(1;3:5), X,(3;255), X,(2:4;7),%,(5:6:))

X(4:2;5), X,(3;2:6), X,(7:3;9),%,(5;1:3)

. Xét su doc lap tuyén tinh, phu thudc tuyén tinh cua cac hé

véc to sau

a.

X, (1;=1;0), X,(=2;1;—-1), X,(-3;2;-1)
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b. X, (I:=1:1;-1), X,(2:1;0;—1), x,(3:-6;5:~4)

C. X, (152:354). X,(2;3:4:1), X, (3:4:152), %, (4:1:2:3)

4. Chimg minh rang (% ,%,,%,} 14 co s& cua R’ va tim toa do cta
¥ trong co s& d6 biét rang;

a. y(15;3:1), x,(2;1;1), X,(6;2;0),%,(7:0;7)

b. $(2:3:0), %,(0;1:1). X,(3;2;0).%,(1;0:1)

¢ y(

La

—3:2), X, (1;~1;0), R, (0;1:=1),%,(1:0:1)
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